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CHAPTER |- MATHEMATICAL FOUNDATIONS FOR
ENGINEERING

Dr. Sunita Ballal and Ms. Priya Jadhav

Department of Basic Sciences & Humanities, KBP College of Engineering, Satara

1.1 Introduction to Engineering Mathematics

The Role of Mathematics in Engineering. Mathematics gives engineering its predictive
power: rather than building a structure or a machine and discovering by trial whether it works,
an engineer expresses its behaviour mathematically and evaluates that expression before
anything is built. Every chapter that follows depends on this capacity a beam's deflection
(Chapter IV), a mechanism's velocity (Chapter V), a cycle's efficiency (Chapter VI) are each,
at heart, the evaluation of a mathematical model developed from physical principles.

The Mathematical Language of Engineering. Engineering problems are communicated
through a compact symbolic language equations, graphs, vectors and matrices that allows a
physical situation to be stated precisely and manipulated systematically. Learning to translate a
described physical situation into this symbolic form back again into a physically meaningful
answer, is as much a part of engineering mathematics as the manipulation of the symbols

themselves.

Variables, Parameters and Constants. A mathematical model distinguishes variables,
quantities that change during the process being studied (such as time or position); parameters,
quantities that are fixed for a given system but may differ between systems (such as a material's
stiffness or a circuit's resistance); and constants, fixed numerical values that do not change at
all (such as & or the acceleration due to gravity). Keeping this distinction clear is essential to
correctly setting up and later reusing an engineering model.

Units and Dimensional Consistency. Every physical quantity in an engineering equation
carries units an equation can only be physically correct if every term has the same dimensions
a requirement called dimensional consistency, which serves as a powerful, easily applied check
on a derived or rearranged formula. Working consistently in SI units throughout a calculation
converting at the boundaries of a problem rather than partway through, avoids the great majority

of numerical errors in applied engineering mathematics.

Mathematical Formulation of Engineering Problems. Turning a physical problem into a
solvable mathematical one follows a broadly consistent process, summarised in Figure 1.1: the
physical situation is idealised into a mathematical model, that model is solved by an appropriate
analytical or numerical method the resulting solution is interpreted and checked against the
original physical problem. This same process, introduced here in general terms, recurs explicitly
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Engineering Nexus

as the engineering mathematical modelling framework of Section 1.10 implicitly in every
worked analysis in the chapters that follow.

Int tati
Physical Mathematical Solution nierpretation
— — N &
Problem Model Method L
Validation

Figure 1.1 The general process of formulating and solving an engineering problem
mathematically.

1.2 Functions and Mathematical Models

Algebraic, Polynomial and Rational Functions. A function assigns to each input value
exactly one output value is the basic building block of every mathematical model in this text.
Algebraic and polynomial functions, of the form y =a0 +alx +a2x?+ ... + anx®, are the simplest
and most widely used, fitting curves such as calibration and stress—strain data; rational
functions, ratios of two polynomials, arise naturally as transfer functions describing how a

system's output responds to its input, as summarised in Table 1.1.

Table 1.1 Function Types and Engineering Applications

Function Type General Form Typical Engineering Use

Al i . N

gebrau.: / y=ao+ aix +... + ax" Curve fitting, calibration curves
polynomial
Rational y =P(x) / Q(x) Transfer functions, control systems

. Growth/decay, circuit charging,
— AN

Exponential y=aei(bx) radioactive decay
Logarithmic y = a In(bx) Decibel scale, pH, damping ratio
Trigonometric y=a sin(bx + ¢) Oscillations, AC waveforms, wave

motion

Exponential and Logarithmic Functions. Exponential functions describe quantities that grow
or decay at a rate proportional to their current value radioactive decay, capacitor charging
population growth are all governed by exponential behaviour while logarithmic functions, their
inverse, compress a very large range of values into a manageable scale, as in the decibel scale
for sound intensity or the Richter scale for earthquake magnitude.

Trigonometric Functions. Trigonometric functions describe periodic, oscillatory behaviour
and underlie the analysis of vibration, alternating current wave motion throughout this text,
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from the vibration transmissibility of Section 5.9 to the AC-adjacent oscillatory analysis
returned to in the Fourier methods of Section 1.7.

Graphical Representation. Plotting a function reveals behaviour that is difficult to read
directly from its algebraic form where it crosses zero, where it is increasing or decreasing how
quickly it grows and Figure 1.2 compares the characteristic shapes of the function families in
Table 1.1. Recognising these shapes at a glance is a practical skill: an engineer who sees an
exponential-looking decay in test data, for instance, immediately knows what functional form
to fit to it.

Common Function Types Used in Engineering Models

Algebraic / Polynomial Exponential / Logarithmic Trigonometric

= exponential, e* m—— sine === cosine
= logarithmic, In(x)

= cubic

— quadratic

Figure 1.2 Characteristic shapes of the algebraic, exponential/logarithmic and trigonometric
function families used in engineering models.

Engineering Applications. Selecting the right function type for a given physical process is
often the single most consequential modelling decision an engineer makes: fitting an inherently
exponential process, such as thermal cooling, with a polynomial curve may match the available
data closely yet extrapolate completely incorrectly beyond it. Sound function selection, guided
by the underlying physics rather than by curve-fitting convenience alone, underlies every
mathematical model in the chapters that follow.

1.3 Differential Calculus

Limits and Continuity. A limit describes the value a function approaches as its input
approaches some point, without necessarily ever reaching it is the foundational concept from
which the entire differential and integral calculus is built. A function is continuous at a point if
its limit there equals its actual value; physical quantities such as position and temperature are
continuous, while idealisations such as a sudden impact force are not, a distinction that matters

when selecting an appropriate mathematical model for a physical process.

Differentiation and the Derivative. The derivative of a function at a point is the limit of the
slope of a secant line through that point as a second point on the curve is brought arbitrarily
close to the first:

P = lim_{h—0} [f(x+h) — f(x)] / h



Engineering Nexus

Geometrically, illustrated in Figure 1.3, this limit is the slope of the tangent line to the curve at
that point physically it represents an instantaneous rate of change velocity as the derivative of
position, for instance, or heat flux as the derivative of temperature with respect to position, as
used throughout Chapters IV to VL.

The Derivative as a Limit Critical Points: Local
of Secant Slopes Maxima and Minima

local maximum
secants -+ tangent (f=0,f <0)

asAx -0

tangent at xo
slope = f'(xa)

local minimum
(f=0,f>0)

Figure 1.3 The derivative as the limiting slope of a secant line the critical points identified
where that slope is zero.

Rules of Differentiation. Rather than evaluating the limit definition directly for every
function, a small set of standard rules, summarised in Table 1.2, allows the derivative of almost

any combination of familiar functions to be found systematically.

Table 1.2 Basic Differentiation Rules

_

Power rule d/dx(x") = nx(n—1)
Product rule d/dx(uv) =u'v+uv'
Quotient rule d/dx(u/v) = (u'v—uv') / v?
Chain rule d/dx f(g(x)) = f(g(x)) - g'(x)

Higher-Order Derivatives. Differentiating a function's derivative gives a second derivative,
describing how the rate of change itself is changing acceleration, the second derivative of
position, is the clearest physical example and this process can be repeated to any order. Higher-
order derivatives appear directly in the beam-bending and vibration equations of Chapters IV
and V, where a fourth-order derivative of deflection relates to distributed load.

Partial Differentiation and Total Derivatives. When a quantity depends on more than one
variable pressure depending on both position and time, for instance a partial derivative
measures its rate of change with respect to one variable while the others are held fixed, denoted
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of/ox. The total derivative instead accounts for every variable's own dependence on a common
parameter, such as time, combining the partial derivatives through the chain rule; the distinction
is essential in the fluid flow equations of Chapter VI, where both forms of derivative appear
together.

Taylor and Maclaurin Series. A sufficiently smooth function can be approximated near a
point a by a polynomial built from its derivatives at that point, the Taylor series:

f) = fla) + fla)(x—a) + ["(a)(x—a)?/2! + f"(a)(x—a)’/3! + ...

a series expanded about a = 0 being called a Maclaurin series. As Figure 1.4 shows for cos(x),
including more terms produces a progressively better approximation over a wider range this
technique underlies both the small-deflection linearisations used throughout structural and

mechanical analysis and the numerical methods of Section 1.9.

Taylor Series Approximation of cos(x) about x =0

N
e

" 53
7 N
m— f(x) = cos(x) — = order-4 Taylor approx.
= = order-2 Taylor approx = = order-6 Taylor approx.

Figure 1.4 Taylor series approximations of cos(x) about x = 0, improving as more terms are
included.

Maxima, Minima and Engineering Applications. At a local maximum or minimum,
illustrated in the right-hand panel of Figure 1.3, a function's derivative is momentarily zero,
since the curve is neither rising nor falling; the sign of the second derivative there then
distinguishes a maximum (concave down) from a minimum (concave up). This single idea
setting a derivative to zero to find an optimum recurs throughout engineering design, from
minimising a structure's weight subject to a strength constraint to finding the operating point of

maximum efficiency on the performance curves of Section 6.5.

1.4 Integral Calculus

Indefinite and Definite Integration. Integration reverses differentiation: the indefinite
integral of a function, [f(x)dx, is a family of functions whose derivative is f(x), while the definite

integral over an interval [a, b] evaluates to a single number,

I8 fx) dx = F(b) = F(a)
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where F is any antiderivative of f. Geometrically, a definite integral is the area beneath a curve,
which can be approximated by summing many thin rectangles a Riemann sum and becomes
exact as the rectangles are made infinitesimally narrow, as illustrated in Figure 1.5.

Riemann Sum Converging to Centroid of an Area by
a Definite Integral Integration

centroid
(X, ¥)

L

_Ixda - [yda

asn— «, I flx)Ax — [ f(x) dx - Jaa - Jda

Figure 1.5 A Riemann sum converging to a definite integral as the area under a curve the
centroid of a plane area found by integration.

Integration Techniques. Not every integral can be evaluated by directly reversing a known
derivative Table 1.3 summarises the principal techniques used when a more direct approach
fails; selecting the appropriate technique for a given integral is itself a significant part of applied
calculus.

Table 1.3 Common Integration Techniques

The integrand contains a function and something

Substitution . . o
proportional to its derivative

The integrand is a product of two dissimilar function

I .
ntegration by parts fypes

The integrand is a rational function with a factorable

Partial fractions ]
denominator

Numerical integration No closed-form antiderivative exists (see Section 1.9)

Improper Integrals. An improper integral extends the definite integral to an infinite interval,
or to an interval on which the integrand itself becomes unbounded is evaluated as the limit of a
proper integral as the problematic bound is taken to its limiting value. Improper integrals appear
whenever an engineering quantity is defined over an unbounded domain, such as the total
energy radiated by a hot body across all frequencies in the radiation heat transfer of Section 6.9.
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Multiple Integration. Where a single integral sums a quantity along a line, a double integral
sums it over a plane area and a triple integral over a three-dimensional volume, evaluated by
integrating successively with respect to each coordinate in turn. Multiple integrals are essential
wherever a property is distributed over an area or volume rather than concentrated along a single

dimension.

Area, Volume, Mass and Centre of Gravity. Integration computes exactly the geometric and
physical properties that single-point measurements cannot: the area or volume of an irregular
shape, the total mass of a body of varying density the centroid, or centre of gravity, at which
that mass may be considered concentrated for the purposes of static equilibrium, found from
the ratios of moment integrals to area or mass shown in Figure 1.5. These calculations underlie

the structural section properties used throughout Chapter IV.

1.5 Differential Equations

First-Order and Linear Differential Equations. A differential equation relates a function to
one or more of its derivatives its solution is not a number but an entire function satisfying that

relationship. A first-order linear differential equation takes the general form
dy/dx + P(x) y = O(x)

and can be visualised through a slope field, shown in the left panel of Figure 1.6, in which a
short line segment at every point indicates the slope any solution curve must have there; the
family of solution curves then follows these slopes smoothly across the field, with a particular

solution picked out by a single starting condition.

Slope Field and Solution Spring-IVI"ass-_Damper System:
Curves for a First-Order ODE mx + cx + kx = F(t)

I
c
m
l x(t)

Figure 1.6 A slope field with solution curves for a first-order differential equation the spring—
mass—damper system whose motion a second-order equation describes.
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Higher-Order Equations. Many physical systems are governed by second-order or higher
differential equations, most commonly because the underlying physics Newton's second law,
or the beam-bending relation of Section 4.6 involves a second derivative directly, such as
acceleration or curvature. The spring—mass—damper system of Figure 1.6, governed by mx + cx
+ kx = F(t), is the archetypal second-order equation in engineering and reappears, in essentially
the same form, in the vibration analysis of Section 5.9.

Initial and Boundary Conditions. A differential equation alone has infinitely many solutions,
differing by arbitrary constants of integration; a physically meaningful, unique solution requires
additional information initial conditions, specifying the system's state at a starting time, for
problems that evolve in time, or boundary conditions, specifying values at the edges of a spatial
domain, for problems such as the beam deflection and steady heat conduction equations of
Table 1.4.

Engineering Applications and Physical System Modelling. Differential equations are the
natural mathematical language for systems that change continuously Table 1.4 collects several
standard forms recurring throughout this text's mechanical and thermal chapters. In every case,
the equation is derived from a physical balance law Newton's second law, conservation of
energy applied to an infinitesimal element or lumped system, exactly the modelling process
formalised in Section 1.10.

Table 1.4 Common Engineering Differential Equations

Order / Type Typical Application

Radioactive decay, RC circuit

+ — .
dy/dx +ky =0 Ist order, linear discharge
mx+cx+kx=0 2nd order, linear SP“nf?"maSS‘damper
vibration
dT/dx2 = 0 2nd order (steady- Steady gne-dlmen310nal heat
state) conduction
d2y/dx2 = M(x)/EI 2nd order Beam deflection under

bending

1.6 Linear Algebra and Vector Calculus

Matrices, Determinants and Systems of Equations. A matrix arranges numbers into a
rectangular array and provides a compact way to represent and solve a system of simultaneous
linear equations, written Ax = b. A matrix's determinant is a single scalar value that indicates,

among other things, whether the matrix is invertible hence whether the associated system of
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equations has a unique solution; Table 1.5 summarises this and the remaining core matrix

operations.

Table 1.5 Matrix Operations Summary

Determinant A scalar indicating whether a matrix is invertible
. e L
Inverse, Al The matrix satisfying AA™' =1, used to solve Ax
= b directly
Rank The number of linearly independent rows or

columns

Solutions of Av = Av; directions unchanged in

Eigenvalues / eigenvectors direction by A

Matrix Inversion and Rank. Where an inverse exists, the system Ax = b is solved directly as
x =A™'b, a relation used throughout structural and circuit analysis whenever several unknowns
must be found from several simultaneous equations. A matrix's rank indicates how many of its
equations are genuinely independent; a system whose coefficient matrix has less than full rank
is either underdetermined, with infinitely many solutions, or inconsistent, with none.
Eigenvalues and Eigenvectors. For a square matrix A, an eigenvector is a nonzero vector
whose direction is unchanged when transformed by A it is only scaled, by a factor called the
eigenvalue:

Av=4v
As Figure 1.8 shows, a general vector's direction rotates under the transformation A, but the
eigenvectors alone keep their original direction, scaled by their respective eigenvalues. This
property makes eigenvalues and eigenvectors central to vibration analysis, where they
correspond directly to a system's natural frequencies and mode shapes (Section 5.9) to the
stability analysis of dynamic systems generally.

Unit Vectors Before After Transformation: Eigenvectors
Transformation Only Scale, Not Rotate

Figure 1.8 A circle of unit vectors before a linear transformation the resulting ellipse
afterward: only the eigenvectors keep their original direction.
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Scalars, Vectors and the Dot and Cross Products. A scalar is a single number, such as mass
or temperature; a vector additionally carries direction, such as force or velocity. The dot product
of two vectors, A-B = |A||B|cosH, yields a scalar representing how much one vector projects
onto another and is used to compute work done by a force; the cross product, AXB = |A||B|sin0
n, yields a vector perpendicular to both original vectors, with magnitude equal to the area of the
parallelogram they span is used to compute moments and torques, as illustrated in Figure 1.7.

Dot Product: Projection Cross Product: Area of the
of One Vector onto Another Parallelogram Spanned by A, B
A-B = |A||B|cosB AxB = |A||B|sin8 f

N (out of page)

B I
B
area = |AxB|
] A
A

|B|cose

Figure 1.7 The dot product as a projection of one vector onto another the cross product as
the area of the parallelogram the two vectors span.

Gradient, Divergence and Curl. Vector calculus extends differentiation to fields quantities
defined at every point in space through three operators summarised in Table 1.6: the gradient
of a scalar field points in the direction of its steepest increase, the divergence of a vector field
measures its net outward flux at a point the curl of a vector field measures its local rotation.
These operators appear directly in the fluid flow equations of Chapter VI, where divergence
expresses conservation of mass and curl characterises the rotation of a flow field.

Table 1.6 Vector Calculus Operators

Symbol Physical Meaning

Direction and rate of steepest increase of a

Gradient \%i scalar field

Divergence VF Net outward flux per unit volume of a vector
field

Curl UxF Rotation, or circulation, of a vector field at a

point

Engineering Applications. Linear algebra underlies the solution of the large simultaneous
equation systems produced by structural finite-element models and electrical circuit networks,
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while vector calculus provides the language for the stress, flow and field quantities that vary
continuously through space in solid and fluid mechanics alike together, the two form the
mathematical backbone of every multi-variable engineering analysis in this text.

1.7 Fourier Analysis

Periodic Functions and the Fourier Series. A periodic function repeats its values at regular
intervals Fourier's remarkable insight was that any reasonably well-behaved periodic function
can be expressed as a sum of simple sine and cosine waves at multiples of its fundamental

frequency:
ft) = ao/2 + X [a, cos(nwt) + b, sin(nwt)]

Figure 1.9 illustrates this Fourier series for a square wave: a single sine term gives a crude
approximation, but as more harmonics are added the sum converges progressively closer to the
sharp-edged square wave, with each additional term contributing at its own frequency and
amplitude.

Fourier Synthesis of a Amplitude Spectrum of the
Square Wave from Sine Harmonics Square Wave

square wave
—— 1 harmonic 1.2 A
= 2 harmonics
=5 harmonics

1.0 A

0.8

0.6 1

Amplitude

0.4 1

0.2 1

0.0 -
1 3 5 7 9

Harmonic number, n

Figure 1.9 A square wave built up from an increasing number of sine harmonics the resulting
amplitude spectrum.

Harmonic Analysis. Harmonic analysis is the practical application of the Fourier series:
decomposing a measured periodic signal into its constituent frequencies to reveal which are
present and how strongly, summarised in an amplitude spectrum such as the one plotted in
Figure 1.9. This decomposition is often more physically revealing than the original time-domain
signal, since many physical processes resonance chief among them respond very differently
to different frequencies.

Fourier Transforms. The Fourier transform extends the same decomposition idea from
periodic to non-periodic signals, representing a signal as a continuous distribution of
frequencies rather than a discrete series of harmonics. It is the standard tool for analysing
transient events an impact, a single vibration burst that do not repeat regularly enough for a
Fourier series to apply directly.
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Vibration and Signal Applications. Fourier methods are indispensable wherever oscillatory
behaviour must be understood or measured: identifying the natural frequencies of a vibrating
structure or machine (Section 5.9), analysing electrical and mechanical signals for noise and
distortion designing filters that pass or reject specific frequency bands. The amplitude spectrum
of Figure 1.9 is the same type of representation an engineer would examine when diagnosing a

machine's vibration signature.

1.8 Probability and Statistics

Probability and Random Variables. Probability quantifies uncertainty, assigning a value
between 0 and 1 to the likelihood of an event is essential wherever an engineering quantity is
not known exactly a material's strength, a component's lifetime, a measurement's error. A
random variable assigns a numerical outcome to each possible result of such an uncertain

process, forming the basic object that probability distributions describe.

Probability Distributions. A probability distribution describes how likely a random variable
is to take each of its possible values Table 1.7 summarises the distributions most frequently
encountered in engineering practice, spanning both discrete outcomes, such as a pass/fail count

continuous measurements, such as a manufactured dimension.

Table 1.7 Common Probability Distributions

Distribution Typical Use

Binomial Discrete Pass/fail quality testing, reliability

Random arrivals, failure counts over

Poisson Discrete .
time
. . Measurement error, manufacturin
Normal (Gaussian) Continuous ’ £
tolerances
Uniform Continuous Random sampling assumptions

Mean, Variance and the Normal Distribution. The mean, p, of a distribution describes its
central value the variance, o2, describes how widely its values are spread about that mean. The

normal, or Gaussian, distribution,
f9) = (1/a\2m) - N[~ (x~w)/(207)]

is by far the most common continuous distribution in engineering, arising naturally whenever
a measured quantity results from many small, independent sources of variation; as Figure 1.10
shows, about 68% of its values fall within one standard deviation of the mean and about 95%
within two, a rule of thumb used throughout statistical quality control and tolerance design.
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The Normal (Gaussian) Linear Regression Through
Distribution Correlated Data
[ ]
20.0 -
68% u y=137x+ 3.0

Figure 1.10 The normal distribution with its characteristic 68% and 95% intervals a linear
regression fitted through correlated data.

Sampling. Because measuring every item in a population is rarely practical, engineers instead
measure a representative sample and use its statistics to estimate the properties of the whole
population, an inference that becomes more reliable as the sample size grows. Sampling
underlies quality control, material testing and experimental validation throughout engineering

practice.

Correlation and Regression. Correlation measures the strength of the linear relationship
between two variables, while regression fits an explicit mathematical relationship most simply
a straight line, as plotted through scattered data in Figure 1.10 that can then be used to predict
one variable from the other. Regression is the standard tool for converting raw experimental or
field data into the calibrated models used elsewhere in this text.

Hypothesis Testing and Engineering Data Analysis. Hypothesis testing provides a formal
procedure for deciding, from sample data, whether an observed effect a difference between two
materials, say, or a change after a process modification is likely to be genuine or merely the
result of random variation. Together with the distributions, sampling and regression developed
above, it completes the statistical toolkit engineers use to draw sound conclusions from

inherently variable experimental and operational data.

1.9 Numerical Methods

Errors and Approximations. Every numerical calculation introduces some error
understanding its source is essential to trusting a computed result. Table 1.8 distinguishes the
principal error types: round-off error, from a computer's finite numerical precision; truncation
error, from approximating an infinite or continuous process, such as a Taylor series, with a finite
number of terms; and discretisation error, from replacing a continuous domain with a finite set

of points, as in the numerical differential equation methods below.
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Table 1.8 Types of Numerical Error

Round-off error Finite numerical precision of computer arithmetic

Approximating an infinite or continuous process with

Truncation error .
finitely many terms

Replacing a continuous domain with a finite set of

Discretisation error .
points

Roots of Equations. Many engineering equations cannot be solved algebraically for the
variable of interest instead their roots the values at which the equation equals zero are found
iteratively. The Newton—Raphson method, illustrated in Figure 1.11, uses a function's tangent

line at a current estimate to compute an improved estimate,
x {ntl})=x n—flx n)/f(x _n

converging rapidly to a root from a reasonable starting guess, though it requires the derivative
f'(x) at every step.

Newton-Raphson Root-Finding Interpolation and Curve
Iteration Fitting Through Data Points

Xn+1 = Xn — fXa)F(Xn)

= interpolating curve
@ data points

Figure 1.11 The Newton—Raphson method converging to a root through successive tangent-
line approximations interpolation through a set of data points.

Interpolation, Regression and Curve Fitting. Interpolation constructs a smooth curve that
passes exactly through a set of known data points, shown in the right panel of Figure 1.11 is
used to estimate values between measured or tabulated points reading an intermediate property
value from a table of thermodynamic data, for instance. Where the data itself contains scatter
or noise, the regression techniques of Section 1.8 are generally preferred over exact
interpolation, fitting a curve that follows the underlying trend without chasing every data point
exactly.
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Numerical Differentiation and Integration. When a function is known only at discrete
points, rather than as a closed-form expression, its derivative and integral must also be estimated
numerically a derivative from the slope between nearby points, an integral from a summation
rule such as the trapezoidal or Simpson's rule that approximates the area under the data as a
series of simple shapes. These methods extend the differential and integral calculus of Sections
1.3 and 1.4 to the tabulated, experimentally measured data engineers routinely work with.

Numerical Solution of Differential Equations. Most differential equations of real
engineering interest have no closed-form analytical solution and are instead solved numerically
by stepping forward from a known initial condition, computing an approximate solution at a
sequence of discrete points. Table 1.9 compares the principal numerical methods spanning root-
finding, integration and differential equation solving; in each case, a simple, robust method
trades accuracy or speed for reliability, while a more sophisticated method achieves higher

accuracy at the cost of additional computation per step.

Table 1.9 Numerical Methods Comparison

Method Order / Behaviour

Bisection Root finding Robust; linear convergence
) Fast; quadratic convergence;
Newton—Raphson Root finding d .. £
needs the derivative
Numerical

Trapezoidal rule Simple; moderate accuracy

integration

Differential equation

Runge—Kutta (4th order) solving

High accuracy; widely used

1.10 Engineering Mathematical Modelling

Model Formulation, Assumptions and Simplifications. Building a mathematical model of a
physical system begins with formulating the governing relationship typically an application of
a conservation law such as Newton's second law or conservation of energy and necessarily
involves simplifying assumptions: a beam is assumed slender, a fluid incompressible, a material
linearly elastic. Every assumption trades some fidelity to the real system for mathematical
tractability part of the engineer's skill lies in choosing assumptions that remain valid for the
problem at hand.

Analytical versus Numerical Solutions. Once formulated, a model may admit an analytical
solution an explicit formula, obtained using the calculus and differential equation methods of
Sections 1.3 to 1.5 or it may require the numerical methods of Section 1.9, iterating toward an
approximate solution when no closed form exists. An analytical solution, where available, is

generally preferred for the insight it offers into how the answer depends on each parameter; a
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numerical solution extends the reach of engineering analysis to the geometrically and physically
complex problems that dominate real practice.

Three Representative Models. Table 1.10 collects three models that recur, in essentially the
same mathematical form, throughout this text: the spring—mass system governing mechanical
vibration (Section 5.9), the steady-state heat-transfer model governing conduction (Section 6.9)
the structural loading model governing beam bending (Section 4.6). Despite describing entirely
different physical phenomena, all three reduce to a differential equation relating a response
displacement, temperature, deflection to an applied cause, solved subject to the initial or
boundary conditions appropriate to the physical situation.

Table 1.10 Engineering Modelling Case Studies

Model Governing Equation Key Assumption

Linear elastic spring; viscous

Spring—mass system  mX +c x + kx = F(t) damping

Constant thermal conductivity;

Heat-transfer model d*T/dx? = 0 (steady) no internal generation

Linear elastic material; small
deflections

Structural loading
model

d?y/dx* = M(x)/El
Model Validation. A completed mathematical model is only as trustworthy as its validation
against physical reality comparing its predictions with experimental measurement, checking
that its assumptions remain reasonable over the range of conditions considered confirming
dimensional consistency throughout, following the same formulate-solve-validate progression
introduced in Figure 1.1 and summarised again in Figure 1.12. This closing discipline never
trusting a mathematical result until it has been checked against the physical problem it was
meant to represent is the thread connecting this chapter's mathematics to the applied
engineering analysis of every chapter that follows.

. Analytical
. Assumptions .
Physical Governing or L
— & — . — . —| Validation
System . . . Equations Numerical
Simplifications .
Solution

Figure 1.12 The engineering mathematical modelling process, from physical system to a
validated solution.

This progression, more than any single technique, is the essential mathematical method this
chapter has sought to establish: from the functions and calculus that describe a single changing
quantity, through the differential equations, linear algebra and statistics that describe interacting
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and uncertain systems, to the numerical methods that extend analysis to problems with no
convenient closed-form solution the common mathematical foundation on which every
subsequent chapter of this text is built.
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2.1 Introduction to Engineering Physics

Physics and Engineering. Physics seeks to discover and describe the fundamental laws governing
matter and energy, whereas engineering applies those laws, together with material and economic
constraints, to design, build and operate useful systems. An engineer does not need to derive Newton's
second law from first principles, but must understand it well enough to size a beam, select a motor, or
predict how a structure will respond to load. Engineering physics is best understood as the working
subset of physics that recurs across mechanical, civil, electrical and other engineering disciplines,
expressed in a form suited to calculation, measurement and design.

Physical Quantities. A physical quantity is any measurable property of a system, expressed as a number
together with a unit, such as length, mass, time, force, or temperature. Physical quantities are classified
as base quantities, defined independently of one another derived quantities, obtained by combining base
quantities through physical laws, such as velocity (length divided by time) or force (mass multiplied by
acceleration). This distinction underlies the structure of every unit system used in engineering practice.

SI Units. The International System of Units (SI) is adopted almost universally in engineering practice
because it is coherent, decimal internationally standardised. It defines seven base units, listed in Table
2.1, from which every other engineering unit newton, joule, watt, pascal, volt so on is derived through
the physical laws that relate them.

Table 2.1 SI Base Quantities and Units

Base Quantity SI Unit Symbol

Length metre m
Mass kilogram kg
Time second s
Electric current ampere A
Thermodynamic temperature kelvin K
Amount of substance mole mol
Luminous intensity candela cd

Dimensions. Every physical equation used in engineering analysis must be dimensionally
homogeneous the dimensions on both sides of an equation must match exactly. Dimensional analysis,
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which expresses an equation in terms of the base dimensions of mass (M), length (L), time (T) and so
forth, allows an engineer to check the plausibility of a derived formula, convert between unit systems,
through methods such as the Buckingham n theorem, identify dimensionless groups such as the
Reynolds number or Mach number that govern the behaviour of complex physical systems before a
detailed analysis is carried out.

Measurement and Uncertainty. No physical measurement is ever perfectly exact; every recorded
value carries some uncertainty arising from the measuring instrument, the observer the environment.
Engineers distinguish accuracy, the closeness of a measured value to the true value, from precision, the
repeatability of a measurement under unchanged conditions. Reporting a measurement without its
associated uncertainty, typically expressed as a tolerance, standard deviation, or percentage error, gives
an incomplete picture of the underlying physical quantity. Measurement and instrumentation are treated
in greater depth in Section 2.9.

Engineering Models. Because real engineering systems are often too complex to analyse exactly,
engineering physics relies heavily on models simplified mathematical representations that retain the
features of a system relevant to the problem at hand while deliberately ignoring others. A beam may be
modelled as a one-dimensional elastic line; a fluid may be modelled as incompressible; a gas may be
modelled as ideal. Choosing a model simple enough to solve yet faithful enough to predict real behaviour
within an acceptable margin of error is a theme that runs through this chapter and is addressed explicitly
in Section 2.10.

2.2 Engineering Mechanics and Gravitation

Motion. Kinematics describes motion without reference to its cause, using displacement, velocity and
acceleration as functions of time. For motion with constant acceleration a, the three standard equations
of motion v=u+ at, s =ut + %at® v> = u? + 2as relate initial velocity u, final velocity v, displacement
s and time t form the starting point for almost every mechanics problem an engineer encounters, from
projectile trajectories to vehicle braking distances.

Newton's Laws. Newton's three laws of motion, summarised in Table 2.2, form the axiomatic basis of
classical (Newtonian) mechanics. The second law, F = ma, is the single most used equation in
engineering mechanics: it links the net force acting on a body to the resulting acceleration through the
body's mass underlies the analysis of everything from vehicle dynamics to the loading of structural

members.

Table 2.2 Newton's Laws of Motion

Law Statement Mathematical Form

A body remains at rest or in uniform motion
unless acted upon by a net external force

First (inertia) F=0 = a=0

The rate of change of momentum of a body is
Second proportional to the net applied force and acts in F =ma (F =dp/dt)
its direction
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Law Statement Mathematical Form

For every action there is an equal and opposite
reaction

Third Fi2=—Fa

Work and Energy. Work is done when a force produces displacement along its own line of action, W
= Fs cos 0 the work—energy theorem states that the net work done on a body equals its change in kinetic
energy, AKE = 2mv? — /amu?. Potential energy stores this capacity to do work gravitational potential
energy mgh near the Earth's surface elastic potential energy 2kx? in a stretched or compressed spring
while power, the rate of doing work, P = W/t, determines the sizing of motors, engines and drive systems.

Momentum and Conservation Laws. Linear momentum, p = mv its rate of change, the impulse—
momentum relation FAt = Ap, are central to the analysis of impacts and collisions. In any system free
of external forces, total linear momentum is conserved a principle applied directly to elastic and inelastic
collisions, rocket propulsion impact design. Together with the conservation of energy and, for rotating
systems, the conservation of angular momentum, these conservation laws form the most powerful and
general tools available for solving mechanics problems, since they hold regardless of the often-
complicated internal forces involved during an interaction.

Circular Motion. A body moving in a circle of radius r at speed v continuously changes direction and
therefore accelerates toward the centre, with centripetal acceleration a = v?r and corresponding
centripetal force F = mv?/r supplied by tension, friction, gravity, or a normal reaction as appropriate.
This principle governs the design of banked roads and railway curves, the safe operating speed of
rotating machinery the analysis of turbines and centrifuges.

Rotation, Centre of Mass and Moment of Inertia. Rotational motion is the angular analogue of linear
motion: torque T = la plays the role of force, angular momentum L = I® plays the role of linear
momentum rotational kinetic energy is 2Iw? The moment of inertia I measures a body's resistance to
angular acceleration about a given axis and depends on both the mass and its distribution relative to that
axis; Table 2.3 lists standard results for common engineering shapes. The centre of mass, the point at
which the entire mass of a body may be considered concentrated for the purpose of translational analysis,
is essential for assessing the stability of vehicles, structures and machines the parallel-axis theorem, I =
1[0, + Md?, allows the moment of inertia about any axis to be obtained once it is known about a parallel
axis through the centre of mass.

Table 2.3 Moment of Inertia of Common Engineering Shapes

Moment of Inertia,
I

Body AXxis

Thin rod, length L Through centre, L to length (1/12) mL?

Thin rod, length L Through one end, L to length  (1/3) mL?
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Moment of Inertia,
I

Body Axis

Solid sphere, radius R Through centre (diameter) (2/5) mR?

Through central longitudinal

Solid cylinder / disc, radius R axis (1/2) mR?
Ehm—walled hollow cylinder, radius Through central axis MR
Rectangular plate, sides a, b Through centre, 1 to plane (1/12) m(a> + b?)

Gravitation. Newton's law of universal gravitation, F = Gmuma/r?, describes the mutual attraction
between any two masses separated by distance r, with G the universal gravitational constant. Near the
Earth's surface this produces a nearly uniform gravitational field g = 9.81 m/s?, which defines the weight
of'a body, W = mg, as distinct from its mass. Gravitation governs the self-weight loading that dominates
civil-engineering design, the orbital mechanics of satellites the free-fall and projectile problems that
recur throughout mechanical analysis.

2.3 Oscillations, Vibrations and Waves

Simple Harmonic Motion. Simple harmonic motion (SHM) occurs when the restoring force on a body
is directly proportional to its displacement from equilibrium and directed opposite to it, F = —kx, giving
rise to sinusoidal motion x(t) = A cos(wt + ¢) with angular frequency o = \(k/m). SHM is the idealised
building block for the vibration analysis of springs, pendulums countless mechanical and structural
systems that oscillate about a stable equilibrium position.

Simple Harmonic Motion: Undamped and Damped Cases

Undamped SHM
== Damped oscillation

----- Amplitude envelopej e #

Displacement, x

Time, t

Figure 2.1 Displacement—time behaviour of undamped simple harmonic motion compared with a
damped oscillation, whose amplitude decays within the envelope e™(—pt).

Damping and Forced Vibration. Real oscillating systems lose energy to friction and other resistive
effects, a process called damping, which causes the amplitude of free oscillation to decay over time, as
shown in Figure 2.1. When a periodic external force is applied to a damped system, the system undergoes
forced vibration and eventually oscillates at the driving frequency rather than its own natural frequency,
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with the response amplitude depending strongly on how close the driving frequency lies to the natural
frequency and how heavily the system is damped.

Resonance. Resonance occurs when the driving frequency of a forced vibration approaches the natural
frequency wo of the system, producing a sharp and potentially damaging increase in amplitude, as
illustrated in Figure 2.2. Because lightly damped systems exhibit the largest resonant response, engineers
must identify the natural frequencies of structures and machines bridges, rotating shafts, aircraft wings
and ensure that operating or excitation frequencies are kept safely away from them, or that sufficient
damping is introduced to limit the resonant amplitude.

Resonance: Effect of Damping on Forced Vibration
= |ight damping

= Moderate damping
= Heavy damping

Amplitude (normalised)

wy (natural fre

Driving frequency, w

Figure 2.2 Resonance curves showing amplitude of forced vibration as a function of driving frequency
for light, moderate and heavy damping.

Wave Motion. A mechanical wave transports energy through a medium via the oscillation of its
particles, without net transport of the medium itself. Waves are classified as transverse, in which particle
displacement is perpendicular to the direction of propagation (Figure 2.3), or longitudinal, in which
displacement is parallel to it, as in a sound wave. A wave is characterised by its wavelength A, frequency
f speed v, related by v = fA.

Progressive Transverse Wave

Wavelength, A

>

Crest

AmNitude, A

Displacement

Trough

Distance along direction of propagation

Figure 2.3 A progressive transverse wave, showing amplitude and wavelength.
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Progressive and Stationary Waves. A progressive (travelling) wave carries energy steadily away from
its source, with every particle of the medium repeating the same motion with a constant phase difference
relative to its neighbours. A stationary (standing) wave, by contrast, is formed by the superposition of
two identical waves travelling in opposite directions and does not transport net energy; it instead
produces fixed points of zero displacement (nodes) and maximum displacement (antinodes). Table 2.4
compares the two wave types, which together describe the behaviour of vibrating strings, air columns
in wind instruments standing-wave patterns in acoustic and structural engineering.

Table 2.4 Progressive Waves versus Stationary Waves

Transports energy along the

Energy transport . No net transport of ener;
24 P medium P 4
. Equal for all particles of the Varies with position zero at nodes,

Amplitude . . .
medium maximum at antinodes

Phase Varies continuously along the  Particles between adjacent nodes are in
wave phase; phase reverses across a node

. : . Superposition of two identical waves
Formation Emitted directly from a source Perp

travelling in opposite directions

Superposition and Interference. The principle of superposition states that when two or more waves
overlap at a point, the resultant displacement is the vector sum of the individual displacements. When
two coherent waves of the same frequency overlap, this produces interference: constructive interference,
giving increased amplitude, where the waves arrive in phase destructive interference, giving reduced or
zero amplitude, where they arrive out of phase. Interference is exploited in noise-cancellation systems,
thin-film optical coatings the design of antenna arrays.

Sound and the Doppler Effect. Sound is a longitudinal mechanical wave requiring a material medium
for propagation, characterised by properties such as pitch (related to frequency), loudness (related to
intensity) quality (related to waveform). The Doppler effect describes the apparent change in frequency
of a wave observed when there is relative motion between the source and the observer an increase in
frequency as the two approach each other and a decrease as they separate and is applied in engineering

contexts ranging from radar and sonar speed measurement to medical ultrasound flow imaging.

2.4 Properties of Engineering Materials

Elasticity, Stress and Strain. FElasticity is the property by which a material returns to its original shape
once an applied load is removed. Stress, o = F/A, is the internal restoring force per unit cross-sectional
area developed within a loaded material, while strain, ¢ = AL/L, is the corresponding fractional
deformation. Together, stress and strain provide the language in which the mechanical response of every
structural and machine component is described and compared.
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Hooke's Law and Elastic Moduli. Within the elastic limit of a material, stress is directly proportional
to strain Hooke's law, c = Ee where E is Young's modulus, a measure of a material's stiffness under
axial loading. Beyond the elastic limit, illustrated in Figure 2.4, the material undergoes permanent
(plastic) deformation and no longer returns to its original dimensions when unloaded. Besides Young's
modulus, the shear modulus G relates shear stress to shear strain the bulk modulus K relates volumetric
stress to volumetric strain, as summarised in Table 2.5; together these three moduli fully describe the

elastic behaviour of an isotropic material.

Stress-Strain Curve for a Ductile Engineering Material

N

O-P: linear elastic region (Hooke's law) U
P-Y: elastic-plastic transition

Y-U: plastic (strain-hardening) region

U-F: necking to fracture

Stress, o
-]

Y

o Strain, €

Figure 2.4 Typical stress—strain curve for a ductile engineering material, showing the proportional
limit (P), elastic limit (E), yield point (Y), ultimate stress (U) and fracture (F).

Table 2.5 Elastic Moduli of Engineering Materials

Modulus Defining Relation Approx. Value for Mild
Steel

Young's modulus, E E =c /¢ (axial stress / axial strain) ~ 200 GPa

Shear modulus, G G =1/v (shear stress / shear strain) ~ 80 GPa

K =—-V (AP/AV) (volumetric stress / ~ 160 GPa

Bulk modulus, K .
strain)

Viscosity and Surface Tension. Viscosity is a measure of a fluid's internal resistance to flow, arising
from friction between adjacent fluid layers moving at different velocities governs the design of
lubrication systems, pipelines hydraulic machinery. Surface tension is the tendency of a liquid surface
to minimise its area, behaving as though covered by a stretched elastic membrane; it influences
phenomena such as capillary rise, droplet formation wetting behaviour that matter in applications

ranging from inkjet printing to coating processes.
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Engineering Significance. The mechanical properties surveyed in this section directly determine
material selection and safe design practice: Young's modulus governs deflection under load, yield and
ultimate stress set safety margins against permanent deformation and fracture viscosity and surface
tension govern fluid-handling and interfacial behaviour. Design codes typically apply a factor of safety,
keeping working stresses well below the yield point identified on the stress—strain curve, to
accommodate uncertainty in loading, material variability long-term effects such as fatigue and creep.

2.5 Electricity and Magnetism

Electric Charge and Field. Electric charge is a fundamental property of matter that gives rise to electric
forces, governed by Coulomb's law, F = kqiq2/r?, for the force between two point charges. An electric
field, E = F/q, describes the force per unit positive charge at a point in space and provides a way of
visualising how a charge distribution influences its surroundings without reference to a second, test
charge.

Electric Potential. FElectric potential, V, is the work done per unit charge in moving a small positive
charge from a reference point to the point in question the potential difference between two points drives
the flow of charge in a circuit. Table 2.6 lists the principal electrical quantities and their SI units used
throughout circuit and field analysis.

Table 2.6 Principal Electrical and Magnetic Quantities

Quantity Symbol SI Unit Unit Symbol

Electric charge Q coulomb C
Electric current I ampere A
Electric potential (voltage) Vv volt Vv
Resistance R ohm Q
Capacitance C farad F
Magnetic flux 0] weber Wb
Magnetic flux density B tesla T
Inductance L henry

Current, Resistance and Ohm's Law. Electric current, I = Q/t, is the rate of flow of charge through a
conductor, while resistance, R, opposes this flow and dissipates electrical energy as heat. For many
conductors, Ohm's law holds: V = IR, stating that current is directly proportional to the applied voltage
for a given resistance. Resistance depends on a conductor's resistivity, length and cross-sectional area,
R = pL/A, arelation used directly in the design of wiring, heating elements and resistive sensors.

Circuits. FElectrical components may be connected in series, in which the same current flows through
each element and resistances add directly, or in parallel, in which the voltage across each branch is the
same and the reciprocals of resistance add, as shown in Figure 2.5. Kirchhoff's current and voltage laws
that the currents entering a junction sum to zero and that the voltages around any closed loop sum to
zero generalise these results and provide the basis for analysing arbitrarily complex circuit networks.
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Series and Parallel Resistor Combinations

Series Circuit Parallel Circuit
Reg=R1+R3 1/Req =1/R1 + 1/R;
v v - R1 Rz

Figure 2.5 Series and parallel combinations of resistors, with their equivalent-resistance relations.

Magnetic Fields. A moving electric charge or a current-carrying conductor produces a magnetic field
conversely experiences a force, F = qv x B or F = IL x B, when placed in an external magnetic field.
This interaction between electric currents and magnetic fields is the operating principle of electric
motors, relays a wide range of electromechanical actuators.

Electromagnetic Induction. Faraday's law of electromagnetic induction states that a changing
magnetic flux through a circuit induces an electromotive force (EMF) in that circuit, € = —d®/dt, with
the induced current direction given by Lenz's law, which requires the induced effect to oppose the change
producing it, as illustrated in Figure 2.6. Electromagnetic induction is the fundamental operating
principle of electrical generators, transformers induction-based sensors used throughout power and
instrumentation engineering.

Electromagnetic Induction: EMF Induced by Relative Motion
of a Magnet and a Coil (Faraday's Law)

-

influced
current

v >
N —

m
A=

-

Figure 2.6 Electromagnetic induction: relative motion between a magnet and a coil induces an EMF
and a measurable current, as predicted by Faraday's and Lenz's laws.

2.6 Optics and Photonics

Reflection and Refraction. Reflection occurs when light striking a surface returns into the original
medium, with the angle of incidence equal to the angle of reflection. Refraction occurs when light passes
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from one transparent medium into another of different optical density and bends at the interface,
governed by Snell's law, ni sin 6: = n2 sin 02, as shown in Figure 2.7. These two phenomena together
govern the design of mirrors, lenses, prisms every imaging system used in engineering instrumentation.

Reflection and Refraction at a Plane Interface
(Snell's law: n1sin@1 = nysin 6;)
Normal

Incident ray Reflected ray

Medium 1 (n1)

Medium 2 (nz > ny)
Refracted ray

Figure 2.7 Reflection and refraction of a light ray at a plane interface between two media of different
refractive index.

Interference, Diffraction and Polarization. Interference, diffraction and polarization are wave
phenomena of light that have no counterpart in simple ray optics and are compared in Table 2.7.
Interference arises from the superposition of coherent light waves and is exploited in precision
interferometry and anti-reflective coatings; diffraction, the bending of light around obstacles and
through narrow apertures, underlies the operation of diffraction gratings and limits the resolving power
of optical instruments; and polarization, the restriction of the light wave's oscillation to a single plane,
confirms the transverse nature of light and is used in LCD displays, polarizing filters photoelastic stress

analysis.

Table 2.7 Interference, Diffraction and Polarization Compared

Physical Cause Typical Engineering Application

Superposition of coherent light Interferometry, anti-reflective and
Interference . .

waves thin-film coatings

. . Diffraction gratings, spectroscopy,
. . Bending of light around obstacles / L .

Diffraction resolution limits of optical

through apertures .

Instruments

Polarization Restriction of oscillation to a single LCD displays, polarizing filters,

plane (transverse waves only) photoelastic stress analysis
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Lasers. A laser (Light Amplification by Stimulated Emission of Radiation) produces a beam of light
that is coherent, highly monochromatic tightly collimated, properties that arise from the stimulated
emission of photons within an optical cavity. These properties make lasers indispensable in engineering
practice for precision cutting and welding, distance and alignment measurement, optical communication

a wide range of sensing and metrology applications.

Optical Fibres. An optical fibre guides light along its length by total internal reflection, which occurs
when light travelling within a denser core meets the boundary of a less-dense cladding at an angle greater
than the critical angle, as illustrated in Figure 2.8. This mechanism allows optical fibres to transmit light
and the data modulated onto it over long distances with very low loss, forming the backbone of modern
telecommunications networks and enabling compact fibre-optic sensors for strain, temperature and

pressure measurement.

Light Propagation in an Optical Fibre by Total Internal Reflection

Cladding (n», lower index)

CQ{M:N/\/

Cladding (n>, lower index)

Figure 2.8 Guided propagation of light along an optical fibre by repeated total internal reflection at
the core—cladding boundary.

Engineering Applications. Beyond communications and sensing, optical and photonic principles
underpin laser machining, optical metrology, imaging and inspection systems, photovoltaic energy
conversion the illumination and display technologies found throughout modern engineering systems,
making optics a genuinely cross-disciplinary component of engineering physics.

2.7 Thermal Physics and Thermodynamics

Temperature and Heat. Temperature is a measure of the average kinetic energy of the particles that
make up a substance and determines the direction of spontaneous heat flow, while heat, Q, is the energy
transferred between systems as a consequence of a temperature difference. Although closely related,
temperature is a state property of a system, whereas heat is energy in transit and is meaningful only as
it crosses a system boundary.

Thermal Expansion and Heat Capacity. Most materials expand when heated, with linear expansion
described by AL = LoAT, where a is the coefficient of linear expansion; this behaviour must be
accommodated in the design of bridges, railway tracks, pipelines and precision machinery through
expansion joints and appropriate material selection. Heat capacity its mass-normalised form specific
heat capacity c, describes the quantity of heat required to raise the temperature of a substance, Q = mcAT
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governs the thermal response time of engineering systems ranging from engine components to building
envelopes.

Kinetic Theory. The kinetic theory of gases models a gas as a large number of point particles in
constant, random motion, colliding elastically with one another and with the walls of their container.
This microscopic picture explains macroscopic gas behaviour, including the ideal gas law, PV = nRT,
relating pressure P, volume V, amount of substance n and absolute temperature T provides the theoretical
foundation for the macroscopic laws of thermodynamics discussed next.

Laws of Thermodynamics. The four laws of thermodynamics, summarised in Table 2.8, govern all
energy interactions in engineering systems. The first law, an expression of energy conservation,
underlies the energy balance of every engine, turbine, compressor and heat exchanger, while the second
law establishes fundamental limits on the efficiency with which heat can be converted into useful work,
a constraint visualised through the pressure—volume behaviour of an idealised thermodynamic cycle in
Figure 2.9.

Table 2.8 Laws of Thermodynamics

Law Statement Engineering Significance

Two systems each in thermal equilibrium
Zeroth with a third are in thermal equilibrium
with each other

Basis of temperature measurement
and thermometry

Basis of energy balance in engines,

First Energy is conserved: AU=Q - W turbines and heat exchangers

Heat does not spontaneously flow from  Limits achievable efficiency of heat
Second cold to hot; entropy of an isolated system engines; sets direction of natural
never decreases processes

The entropy of a perfect crystal
Third approaches zero as absolute temperature
approaches zero

Basis for the absolute entropy scale;
relevant to cryogenic engineering

Pressure-Volume (P-V) Diagram of a Carnot Cycle

Pressure, P

Volume, V

1-2: Isothermal expansion 2-3: Adiabatic expansion
3-4: Isothermal compression 4-1: Adiabatic compression

Figure 2.9 Pressure—volume diagram of an idealised (Carnot) thermodynamic cycle, showing the
isothermal and adiabatic processes that bound the achievable work output.
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Entropy. Entropy, S, is a state property that measures the degree of disorder, or the unavailability of a
system's energy to do useful work. The second law of thermodynamics requires the total entropy of an
isolated system to increase in any real (irreversible) process, which is why no real heat engine can
achieve the theoretical Carnot efficiency, n[J = 1 — TO/Tw why engineers must account for
irreversibilities such as friction, throttling heat transfer across a finite temperature difference when
evaluating the true performance of thermal systems.

2.8 Modern Physics and Semiconductor Fundamentals

Relativity. Einstein's special theory of relativity establishes that the speed of light in vacuum, c, is the
same for all observers regardless of their relative motion, leading to phenomena such as time dilation
and length contraction at speeds approaching c to the mass—energy equivalence relation E = mc? While
these effects are negligible at everyday engineering speeds, they become essential in the design of GPS
satellite systems, particle accelerators high-precision timing systems, where even small relativistic
corrections have measurable engineering consequences.

Quantum Concepts. Quantum theory establishes that energy, at the atomic and subatomic scale, is
exchanged in discrete packets, or quanta, rather than continuously that particles such as electrons exhibit
wave-like behaviour described by a wavefunction. These ideas, counterintuitive at the macroscopic
scale, are indispensable for understanding the behaviour of the electronic and photonic devices that
underlie virtually all modern engineering technology.

Photoelectric Effect. The photoelectric effect, in which electrons are emitted from a metal surface
when illuminated by light of sufficiently high frequency, could not be explained by classical wave theory
and was resolved by Einstein's proposal that light itself is quantised into photons of energy E = hf, where
h is Planck's constant. This experiment provided some of the earliest direct evidence for the quantum
nature of light and underlies the operation of photodetectors, solar cells photomultiplier devices used
throughout engineering instrumentation.

Atomic and Nuclear Physics. Atomic physics describes the structure of the atom in terms of a
positively charged nucleus surrounded by electrons occupying discrete, quantised energy levels,
transitions between which give rise to the characteristic emission and absorption spectra used in
spectroscopic engineering analysis. Nuclear physics, concerned with the structure and stability of the
nucleus itself, underlies phenomena such as radioactivity and nuclear fission and fusion, with
engineering applications spanning power generation, medical imaging and therapy non-destructive

testing of materials.

Semiconductor Fundamentals. A semiconductor is a material whose electrical conductivity lies
between that of a conductor and an insulator, arising from a relatively small energy gap, Eg, between its
valence and conduction bands, as illustrated in Figure 2.10. In an intrinsic (pure) semiconductor,
electrons and holes are generated in equal numbers by thermal excitation across this gap; in an extrinsic
(doped) semiconductor, controlled impurities introduce an excess of either electrons (n-type) or holes
(p-type) as the majority charge carrier, as summarised in Table 2.9. This controllable conductivity is the
physical basis of the diode, the transistor the entire field of semiconductor electronics.
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Energy Band Structures of Conductors, Semiconductors and Insulators

Conductor Semiconductor Insulator

Bands overlap
(no energy gap)

I Eg Eq

Figure 2.10 Energy band structures of a conductor, a semiconductor and an insulator, distinguished

by the size of the energy gap, Eg, between the valence and conduction bands.

Table 2.9 Intrinsic and Extrinsic Semiconductors

Property Intrinsic n-type (extrinsic) p-type (extrinsic)
Equal electrons and .y .
Charge Electrons (majority), Holes (majority),
carriers holes (thermally holes (minority) electrons (minority)
generated) Y Y
. . Doped with a . Doped with a trivalent
Doping Pure, undoped material ~ pentavalent impurity impurity (e.g. B, Ga)
(e.g. P, As) P &5
. .. Low, strongly Higher and controllable  Higher and controllable
Conductivity . . . .
temperature-dependent  via doping level via doping level

2.9 Engineering Measurements and Instrumentation

Measurement Principles. Engineering measurement is the process of assigning a reliable numerical
value to a physical quantity using a calibrated instrument. A generalised measurement system, illustrated
in Figure 2.11, converts a physical input into a usable output through a consistent chain of stages: a
sensor detects the quantity of interest, signal-conditioning circuitry amplifies and filters the resulting
signal, an analogue-to-digital converter (ADC) renders it suitable for digital processing the processed
result is displayed, recorded, or used to drive a control action.

Display /

Physical Signal A/D N
. — Sensor — e .| . — Control
Quantity Conditioning Conversion Action

Figure 2.11 Generalised block diagram of an engineering measurement and instrumentation system.

Accuracy and Precision. As introduced in Section 2.1, accuracy describes how closely a measured
value agrees with the true value of the quantity being measured, while precision describes the
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repeatability of measurements taken under identical conditions. A well-designed instrument should be
both accurate and precise; systematic errors, which shift all readings consistently in one direction,
primarily affect accuracy, while random errors, which scatter readings unpredictably, primarily affect
precision.

Sensors and Transducers. A sensor detects a physical quantity, while a transducer converts that
quantity from one form of energy into another, most commonly into an electrical signal that can be
conditioned, transmitted and processed. Table 2.10 lists representative sensors and transducers used
across engineering disciplines, spanning temperature, displacement, pressure, force, light and flow
measurement.

Table 2.10 Common Engineering Sensors and Transducers

Quantity Measured Typical Sensor / Transducer Application

Temperature Thermocouple, RTD, thermistor Process control, HVAC
systems

Displacement / . . o .
P LVDT, strain gauge, potentiometer  Structural monitoring, robotics

position

Piezoelectric sensor, Bourdon Hydraulic and pneumatic
Pressure

gauge systems, aerospace

. Weighing systems, material
Force / load Strain-gauge load cell £hIng sy ’ !
testing

Light intensity Phgtodiode, light-dependent .Automation,.optical

resistor (LDR) instrumentation

Turbine flow meter, ultrasonic Pipeline and process
Flow rate o

flow sensor monitoring

Data Acquisition. A data acquisition (DAQ) system collects, digitises stores the electrical signals
produced by transducers for subsequent analysis, display, or use in an automated control loop. Modern
DAQ systems combine multiplexed analogue inputs, programmable signal conditioning high-speed
analogue-to-digital conversion to allow many sensor channels to be sampled simultaneously, forming
the backbone of computer-based monitoring, testing and control systems across engineering practice.

Measurement Errors. Measurement errors arise from instrument limitations, environmental influences
human factors are broadly classified as systematic errors, which are consistent and can often be corrected
through calibration random errors, which fluctuate unpredictably and are best characterised statistically,
for example by a standard deviation over repeated readings. Recognising and, where possible,
quantifying these errors is essential to reporting engineering measurements with an honest and
defensible margin of confidence.



Engineering Nexus

2.10 Physics-Based Engineering Systems

Physics-Based Modelling. Physics-based modelling is the process of translating a physical law into a
mathematical model that can predict the behaviour of an engineering system before it is built, tested, or
operated. As shown in Figure 2.12, this process typically proceeds from an underlying physical law,
through a mathematical model expressing that law in the specific geometry and boundary conditions of
the problem, to simulation or analytical solution, engineering design finally validation against physical
measurement closing the loop between theory and practice described throughout this chapter.

Physical Mathematical Simulation / Engineering Validation &
Law Model Analysis Design Testing

Figure 2.12 The physics-based engineering design process, from underlying physical law to validated
design.

Physical Laws in Design. Every engineering discipline draws on a characteristic subset of the physical
laws surveyed in this chapter. Structural design relies on the mechanics of materials and statics
introduced in Sections 2.2 and 2.4; thermal and power systems rely on the laws of thermodynamics from
Section 2.7; electrical and electronic systems rely on the principles of electricity, magnetism and
semiconductor physics from Sections 2.5 and 2.8; and every discipline relies on accurate measurement,
from Section 2.9, to confirm that a design behaves as the underlying physics predicts. Table 2.11
illustrates this correspondence with two representative examples.

Table 2.11 Representative Physics-Based Engineering Examples

Physical Law(s) Applied Example Engineering System

Design of a beam or bridge girder
Statics, elasticity, stress—strain ~ under bending; load-bearing columns
behaviour, gravitation and foundations sized against self-
weight and live load

Civil engineering

Thermodynamic-cycle design of an
internal combustion engine;
balancing of rotating machinery and
vibration isolation of machine mounts

Newtonian mechanics,
thermodynamics, vibration
theory

Mechanical
engineering

Civil Engineering Example. Consider a simply supported beam carrying a uniformly distributed load.
Its design begins with Newton's laws applied in static equilibrium (ZF = 0, Zt = 0) to determine support
reactions and internal bending moments, proceeds through the elastic bending relation 6 = My/I, derived
from the stress—strain behaviour discussed in Section 2.4 and the moment-of-inertia results of Section
2.2 concludes with a check against the material's yield stress, incorporating an appropriate factor of
safety. This sequence physical law, mathematical model validated design is a direct application of the
process shown in Figure 2.12.

Mechanical Engineering Example. Consider the design of an internal combustion engine. Its
thermodynamic cycle is modelled using the ideal gas law and the first and second laws of
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thermodynamics from Section 2.7 to predict work output and theoretical efficiency; its rotating
components, such as the crankshaft, are analysed using the rotational mechanics and moment-of-inertia
relations of Section 2.2 to ensure balance and to avoid the resonant conditions discussed in Section 2.3;
and its operating temperatures, pressures and vibration levels are continuously verified using the sensors
and instrumentation introduced in Section 2.9. The example illustrates how a single engineering system
draws simultaneously on nearly every physical domain surveyed in this chapter.
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3.1 Engineering Mechanics and Idealization

Scope. Engineering mechanics is the branch of applied physics concerned with the state
of rest or motion of bodies subjected to forces. It is conventionally divided into statics,
the study of bodies in equilibrium, and dynamics, the study of bodies in accelerated
motion, the latter further divided into kinematics, which describes motion without
reference to its cause, and kinetics, which relates motion to the forces producing it.
Engineering mechanics converts the physical laws of Chapter II chiefly Newton's laws
and the principles of work, energy and momentum into the systematic analytical methods

used throughout structural, mechanical and machine design.

Engineering Idealization. Real engineering components are geometrically complex and
deformable, and analysing them in full detail is rarely necessary or even possible at the
early design stage. Engineering mechanics therefore relies on idealisation: representing a
real body by a simplified model that retains only the features essential to the problem at
hand. Table 3.1 summarises the three idealisations used throughout this chapter, each
appropriate to a different class of problem.

Table 3.1 Idealizations Used in Engineering Mechanics

Particle A body whose size and shape are Concurrent force systems,
neglected; only its mass and position projectile motion, orbital
matter mechanics

Rigid body A body that does not deform under  Equilibrium of beams, frames
load; distances between its points and machine linkages
remain fixed

Deformable A body whose changes in shape Stress analysis, elasticity,
body under load are explicitly modelled structural deflection

Fundamental Concepts. The analysis of any mechanical system rests on a small set of
fundamental concepts: space, the geometric region in which a body's position is
described; time, the measure of the sequence and duration of events; mass, the
quantitative measure of a body's inertia and of the gravitational attraction it experiences;
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and force, the action of one body on another, whether through direct contact or at a
distance, that tends to change the state of motion of the body on which it acts. These are
precisely the base quantities introduced in Section 2.1, now applied specifically to the

mechanics of engineering bodies.

Units and Dimensions. Engineering mechanics uses the SI base units established in
Table 2.1 — the metre, kilogram and second together with the derived unit of force, the
newton (1 N = 1 kg-m/s?), obtained directly from Newton's second law. Dimensional
consistency, discussed in Section 2.1, remains essential throughout this chapter: every
equilibrium, kinematic, or kinetic equation must balance dimensionally, and dimensional

analysis provides a fast, reliable check on the many algebraic derivations that follow.

3.2 Scalars, Vectors and Force Systems

Vector Representation. A scalar quantity, such as mass, time, or temperature, is fully
specified by a single numerical magnitude. A vector quantity, such as displacement,
velocity, or force, requires both magnitude and direction, and is represented graphically
by an arrow whose length denotes magnitude and whose orientation denotes direction,
and algebraically by its components along a chosen set of reference axes. Table 3.2
contrasts representative scalar and vector quantities encountered throughout engineering

mechanics.

Table 3.2 Scalar and Vector Quantities in Mechanics

Mass, time, speed, energy, work,
temperature

Scalar Magnitude only

Displacement, velocity, acceleration, force,
moment, momentum

Vector Magnitude and direction

Resolution of Forces and Components. Any force F acting at an angle 0 to a chosen
reference axis may be resolved into mutually perpendicular components, Fx = F cos 6 and
Fy = F sin 0, as shown in the left panel of Figure 3.1. This resolution is the single most-
used technique in force analysis, since it converts a two-dimensional vector problem into
two independent scalar (one-dimensional) problems that can be solved along each axis
separately and then recombined.
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Vector Representation, Resolution and Resultants

Resolution of a Force into Resultant of Two Vectors
Rectangular Components (Parallelogram Law)

vy =Fsin@

F

Figure 3.1 Resolution of a force into rectangular components (left) and the resultant of
two vectors obtained by the parallelogram law (right).

Resultants. When several forces act on a body, their combined effect is represented by
a single equivalent force called the resultant. For two concurrent forces, the resultant is
found using the parallelogram law, illustrated in the right panel of Figure 3.1: the two
vectors are drawn from a common point as adjacent sides of a parallelogram, and the
resultant is the diagonal drawn from that same point. For more than two forces, or for
forces already expressed in component form, the resultant is more efficiently obtained by
summing components along each axis, Rx = XFx and Ry = ZFy, and then recombining, R
=J(Rx? + Ry?).

Moments. The moment of a force about a point measures its tendency to produce rotation
about that point, and is defined as the product of the force magnitude and the
perpendicular distance from the point to the force's line of action, M = F-d, as shown in
the left panel of Figure 3.2. The moment is a vector quantity whose sense (clockwise or
counter-clockwise) follows the right-hand rule, and it is the direct rotational counterpart
of the linear concept of force introduced in Section 2.2.

Moment of a Force and the Concept of a Couple

Moment of a Force about A Couple: Two Equal, Opposite,
a Point O Non-Collinear Forces

- o

\
\
AY
o
=
bl
a

Figure 3.2 Moment of a force about a point (left) and a couple formed by two equal,
opposite, non-collinear forces (right).
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Couples. A couple consists of two forces that are equal in magnitude, opposite in
direction, and separated by a perpendicular distance d, as shown in the right panel of
Figure 3.2. A couple produces a pure moment, M = F-d, with no net resultant force, and
is therefore free to act anywhere on a rigid body without changing its external effect a
property exploited routinely in the analysis of shafts under torsion and in the equivalent-

force-system reduction of complex loadings.

3.3 Particle Equilibrium

Free-Body Diagrams. A free-body diagram (FBD) isolates a single body here, a particle
from its surroundings and replaces every physical connection (cables, supports, contacts)
with the force it exerts, as shown in Figure 3.3 for a particle held in equilibrium by two
cables and its own weight. Constructing an accurate free-body diagram is the
indispensable first step of every equilibrium problem in engineering mechanics; an error
at this stage propagates through the entire solution regardless of how carefully the

subsequent algebra is performed.

Free-Body Diagram of a Particle in
Equilibrium under a Concurrent Force System

T
T

61 6>

v
W = mg

SFy=0 3F,=0

Figure 3.3 Free-body diagram of a particle in equilibrium under a concurrent, two-
dimensional force system.

Equilibrium Equations. A particle is in equilibrium when the resultant of all forces
acting on it is zero, ZF = 0 the particle form of Newton's first law introduced in Section
2.2. Because force is a vector, this single vector equation is applied by resolving every
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force into components along a convenient set of axes and requiring each component sum

to vanish independently.

2-D Systems. For a particle acted on by forces confined to a single plane, equilibrium is
expressed by two independent scalar equations, XFx = 0 and Fy = 0, sufficient to solve
for at most two unknown quantities typically two unknown force magnitudes or one

magnitude and one direction, as in the two-cable problem of Figure 3.3.

3-D Systems. When the forces acting on a particle are not confined to a single plane,
equilibrium requires a third independent equation, £Fz = 0, along the out-of-plane axis,
giving the general three-dimensional particle-equilibrium condition summarised in Table
3.3. Three-dimensional problems are solved by the same resolution technique used in two
dimensions, extended to three mutually perpendicular reference axes.

Table 3.3 Particle Equilibrium Equations in Two and Three Dimensions

Unknowns
Solvable

Equilibrium Equations

2-D (coplanar) system  XFx=0 XFy=0 Up to two

3-D (spatial) system YFx=0 ZXZFy=0 ZXFz=0 Up to three

Applications. Particle-equilibrium analysis underlies the design of cable and pulley
systems, the tension distribution in guy wires and suspension elements, the sizing of
concurrent-force joints in trusses, and the initial force analysis of any component small
enough, or symmetric enough, for its own geometry to be neglected relative to the forces

it carries.
3.4 Rigid-Body Equilibrium

Rigid-Body Idealization. Unlike a particle, a rigid body has finite size, so a force applied
to it can produce rotation as well as translation. Equilibrium of a rigid body therefore
requires not only that the resultant force vanish, XF = 0, but also that the resultant moment
about any point vanish, £M = 0 extending the particle-equilibrium condition of Section
3.3 by the moment concept introduced in Section 3.2.

Support Reactions. A rigid body is generally held in equilibrium by supports, each of
which restrains one or more possible motions and, in doing so, exerts a corresponding
reaction force or moment on the body. Table 3.4 summarises the reactions provided by
the support types most commonly encountered in structural and machine analysis.
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Table 3.4 Common Support Types and the Reactions They Provide

Support Type Reaction(s) Provided

Motion perpendicular to the rolling One force, normal to the

Roller
surface surface
o Motion in any direction within the =~ Two force components (no
Pin (hinge)
plane moment)
. . . Two force components
Fixed support All translation and rotation

and one moment

Free-Body Diagrams for Rigid Bodies. As in particle equilibrium, the first step in any
rigid-body problem is an accurate free-body diagram, now showing every applied load,
every support reaction from Table 3.4, and the body's own weight acting at its centre of
gravity (Section 3.6). Once drawn, the three scalar equilibrium equations available in two

dimensions, £Fx =0, ZFy =0 and £M = 0, are applied to solve for the unknown reactions.

Beams. A beam is a slender rigid body loaded primarily by transverse forces and
supported at discrete points, such as the simply supported beam shown in Figure 3.4,
carrying a concentrated load P and a uniformly distributed load w between a pin support
at A and a roller support at B. Summing moments about one support eliminates the
reaction at that support from the equation and yields the reaction at the other directly, after
which force equilibrium gives the remaining reaction the standard procedure that
precedes the bending-moment and shear-force analysis used throughout structural design.

Free-Body Diagram of a Simply Supported Beam
(Pin Support at A, Roller Support at B)

Ra Rp

Figure 3.4 Free-body diagram of a simply supported beam carrying a concentrated
load and a uniformly distributed load.
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Frames. A frame is an assembly of several rigid members connected by pins or fixed
joints, at least one of which typically carries a load that is not purely axial. Frames are
analysed by first treating the entire assembly as a single rigid body to determine the
external support reactions, and then dismembering the frame at its connections, drawing
a separate free-body diagram for each member, and applying the equilibrium equations
to each in turn a direct extension of single-body equilibrium that anticipates the truss-
and structural-analysis methods of later chapters.

3.5 Friction

Static Friction. Static friction is the resistive force that develops at the contact surface
between two bodies to prevent relative sliding, and it adjusts in magnitude, up to a
maximum value, to exactly balance the applied force tending to cause motion. This
maximum available static friction force is given by fs(max) = usN, where ps is the
coefficient of static friction and N is the normal force between the surfaces, as illustrated

for a block resting on an inclined surface in Figure 3.5.

Kinetic Friction. Once relative sliding actually begins, the resisting force is called
kinetic (or dynamic) friction, fk = pkN, where the kinetic coefficient pk is generally
somewhat smaller than the static coefficient ps for the same pair of surfaces. This
distinction, summarised in Table 3.5, explains the familiar observation that a body already
sliding requires a smaller force to keep it moving than was needed to set it in motion.

Table 3.5 Static and Kinetic Friction Compared

Property Static Friction Kinetic Friction

. No relative sliding between Surfaces are sliding relative to
Applies when
surfaces one another
Governing fs < usN (adjusts to prevent fk = ukN (opposes relative
relation motion) motion)

pk — generally somewhat

Typical coefficient ps — generally the larger value smaller than ps

Inclined Planes. For a block resting on a rough inclined plane, shown in Figure 3.5, the
weight W = mg is resolved into a component W sin 0 along the incline, tending to cause
sliding, and a component W cos 0 perpendicular to it, which determines the normal force
N. The block remains stationary provided the available static friction is sufficient, W sin
0 < usW cos 6, a condition that simplifies to tan 6 < pus and defines the angle of repose,
the steepest incline angle at which a body remains at rest without additional restraint.
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Block on a Rough Inclined Plane:
Force Resolution and Friction

W = mg

Figure 3.5 Free-body diagram of a block on a rough inclined plane, showing the weight
resolved along and perpendicular to the incline.

Belt Friction. When a flexible belt or rope is wrapped around a fixed cylindrical drum
or pulley, as shown in Figure 3.6, friction between the belt and the drum surface allows a
large tension on one side to be resisted by a much smaller tension on the other. This
relationship is given by the capstan equation, T1 = T2 e”(up), where B is the total angle
of wrap in radians — the physical principle behind belt drives, band brakes, and the
mooring of ships to a bollard.

Belt Friction: Capstan Equation
T]_ = T2 e'uJB

T1
(tight side)

T2
(slack side)

Figure 3.6 Belt friction: tension on the tight side (T1) and slack side (T2) of a belt
wrapped around a fixed drum through angle p.

Engineering Applications. Friction is deliberately maximised in brakes, clutches, belt
drives and fasteners, where reliable force transmission depends on it, and deliberately
minimised through lubrication and bearing design in shafts, slideways and other
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components intended to move freely. Accurate estimation of both static and kinetic
friction coefficients is therefore essential across almost every branch of mechanical and

civil engineering design.
3.6 Centroids, Centre of Gravity and Moment of Inertia

Centroids. The centroid of a plane area is the geometric centre of that area — the point
at which the area could be considered concentrated for purposes of computing its first
moment. For an area A, the centroid coordinates are defined by % = ([x dA)/A and § = (Jy
dA)/A, and depend purely on the geometry of the shape, independent of any physical
property such as mass or weight.

Centre of Gravity. The centre of gravity of a body is the point at which its entire weight
may be considered to act, W = [dW, and coincides with the centroid of its volume
whenever the body's material is homogeneous, since weight density is then uniform
throughout. The centre of gravity is essential to rigid-body equilibrium analysis (Section
3.4), where a body's weight must be shown acting at this single point on the free-body
diagram, and to stability analysis, where the horizontal position of the centre of gravity

relative to a body's base determines its tendency to tip or overturn.

Composite Sections. Most practical engineering cross-sections are not simple geometric
shapes but composites of several simple shapes — rectangles, triangles, circles and their
cut-outs. The centroid of a composite area is found by the method of composite areas:
dividing the shape into simple parts of known area Ai and centroid (X1, ¥1), and combining
them as a weighted average, X = (ZAix1)/(ZA1) and § = (ZAi§1)/(XA1), as illustrated for
an L-shaped section in Figure 3.7.

Centroid of a Composite L-Section
by the Method of Composite Areas

o2

*C (composite centroid)

o)

X

Figure 3.7 Locating the centroid of a composite L-shaped section by combining the
centroids of its two constituent rectangles.
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Area Moment of Inertia. The area (second) moment of inertia of a cross-section, I =
[y2dA, measures its resistance to bending and is the quantity that appears directly in the
beam-bending relation ¢ = My/I used throughout structural design. Table 3.6 lists standard
results for common cross-sectional shapes; note that, unlike the mass moment of inertia
of Table 2.3, the area moment of inertia carries units of length to the fourth power (e.g.,

m*) and depends purely on cross-sectional geometry.

Table 3.6 Area Moment of Inertia of Common Cross-Sections (about the
Centroidal Axis)

Area Moment of Inertia,
|

Shape Axis

Rectangle, base b, height h  Centroidal, parallel to base (1/12) bh?
Circle, radius R Centroidal (any diameter)  (n/4) R*

Triangle, base b, height h Centroidal, parallel to base (1/36) bh?

Mass Moment of Inertia. The mass moment of inertia, I = Irzdm, introduced with
standard shape results in Table 2.3, measures a body's resistance to angular acceleration
and governs its rotational dynamics (Section 3.8) exactly as the area moment of inertia
governs bending. Table 3.7 contrasts the two quantities directly, since students frequently
and incorrectly treat them as interchangeable simply because both are called 'moment of

inertia'.

Table 3.7 Area Moment of Inertia versus Mass Moment of Inertia

Property Area Moment of Inertia Mass Moment of Inertia

Defining integral I =[y?>dA =2 dm
SI units m* kg-m?

. Resistance of a cross-section to  Resistance of a body to angular
Physical role

bending acceleration
Governing B . M = la (rotational form of
relation o =My /I (bending stress) Newton's second law)

Parallel-Axis Theorem. Both the area and mass moments of inertia are usually tabulated
about an axis through the shape's own centroid or centre of mass. The parallel-axis
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theorem allows the moment of inertia about any parallel axis to be obtained without
repeating the integration:

I1=111+ Ad? (area form) I1=1,, +Md? (mass form)

where d is the perpendicular distance between the centroidal axis and the new axis. This
theorem is applied constantly when combining the composite sections of Figure 3.7, since
each constituent shape's moment of inertia must first be shifted to the composite centroid
before the parts can be summed.

Perpendicular-Axis Theorem. For a plane area lying in the xy-plane, the perpendicular-
axis theorem relates the polar moment of inertia about the z-axis, normal to the plane, to

the two in-plane moments of inertia:
Jz=Ix+ 1y

This relation is particularly useful for circular and other axisymmetric cross-sections,
where it provides the polar moment of inertia the quantity governing resistance to torsion

directly from the two, often more easily computed, rectangular moments of inertia.

3.7 Kinematics

Rectilinear Motion. Rectilinear motion describes a particle moving along a straight line,
characterised by position s(t), velocity v = ds/dt, and acceleration a = dv/dt, related by the
standard equations of motion introduced in Section 2.2 for the constant-acceleration case.
Figure 3.8 shows the position, velocity and acceleration histories for a typical trapezoidal
motion profile constant acceleration, followed by constant velocity, followed by constant
deceleration a pattern widely used in the motion control of cranes, elevators, and

automated machinery, where it limits jerk and mechanical shock.

Rectilinear Motion: Position, Velocity and
Acceleration versus Time

s (m)

v (m/s)

a (mfs?)

t(s)

Figure 3.8 Position, velocity and acceleration versus time for a typical trapezoidal
(accelerate—cruise—decelerate) rectilinear motion profile.
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Curvilinear Motion. Curvilinear motion describes a particle whose path is not a straight
line, such as the parabolic trajectory of a projectile or the circular path of a point on a
rotating machine element. Curvilinear motion is most conveniently analysed by treating
the horizontal and vertical (or radial and tangential) directions as independent rectilinear
problems, each governed by the same position—velocity—acceleration relationships used
in Section 2.2, and recombining the results as vectors.

Relative Motion. The motion of a particle is frequently easiest to describe relative to
another moving reference, such as one vehicle's motion as observed from a second
moving vehicle. The relative-velocity equation, vA = vB + vA/B, illustrated as a vector
triangle in Figure 3.9, expresses the velocity of particle A as the vector sum of the velocity
of reference point B and the velocity of A relative to B, and is applied identically to

relative acceleration, aA = aB + aA/B.

Relative-Motion Vector Diagram:
Va=Vp + Vas

Va Va/B

Figure 3.9 Relative-motion vector diagram: the velocity of A equals the vector sum of
the velocity of B and the velocity of A relative to B.

Rotational Motion. Rotational motion describes a rigid body turning about a fixed axis,
and is described by angular position 0, angular velocity @ = d6/dt, and angular
acceleration a = dw/dt, exact rotational analogues of the linear quantities s, v and a, as
summarised in Table 3.8. For a point at radius r from the axis of rotation, the linear and
angular quantities are related directly by s =10, v =ro, and al] = ra (centripetal) together
with a; = ro (tangential), linking rotational kinematics back to the circular-motion
relations of Section 2.2.
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Table 3.8 Analogy between Linear and Angular Kinematics

Linear (Rectilinear) Angular (Rotational)

Position S 0
Velocity v =ds/dt o = do/dt
Acceleration a=dv/dt o = dw/dt

Constant-acceleration

. v=u-+tat, s=ut+ Y%at? ®=wmot ot, 0=wet+ Y%out?
equation

3.8 Dynamics

Newton's Second Law. The equation of motion for a particle or rigid body in translation
follows directly from Newton's second law (Section 2.2), XF = ma, applied now with the
kinematic relations of Section 3.7 to solve for unknown accelerations, velocities, or
positions resulting from a known force system, or conversely to determine the forces
required to produce a specified motion. For rotation about a fixed axis, the corresponding
equation of motion is M = la, using the mass moment of inertia introduced in Section
3.6.

Work—-Energy Method. The work—energy method integrates the equation of motion
over displacement rather than time, yielding the principle of work and energy, Ui = AKE
= lamv.? — ¥amvi?, introduced in Section 2.2. This method is often the most efficient route
to a problem's solution when velocity, rather than time, is the quantity of interest, since it
avoids the need to integrate the equation of motion explicitly with respect to time.

Impulse-Momentum Method. Integrating the equation of motion over time instead
yields the principle of impulse and momentum, [F dt = mv> — mv:, particularly useful for
problems involving impact and collision, where the forces involved act over an extremely
short time interval that is difficult to characterise directly but whose net effect on
momentum can still be determined. Figure 3.10 illustrates the direct central collision of
two bodies, before and after impact, the canonical application of this method.

Impulse-Momentum: Direct Central Collision of Two Bodies

Before Collision

After Collision

L0 ®-

Figure 3.10 Impulse—momentum analysis of a direct central collision: velocities ul, u2
before impact and vi, v2 after impact.
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Conservation of Energy. When only conservative forces (such as gravity and elastic
spring forces) do work on a system, the total mechanical energy the sum of kinetic and
potential energy remains constant, amvi> + Vi = omv2? + Vs, a direct consequence of
the work—energy principle when non-conservative work (friction, applied external work)
is absent. This conservation law, introduced in general form in Section 2.2, is applied
throughout dynamics to relate velocities and positions without needing to solve the full
equation of motion.

Conservation of Momentum. When no external force acts on a system of bodies, or
when the external forces are negligible compared with the internal forces of interaction
(as in a collision), total linear momentum is conserved, mivi + mav2 = muvi’ + mava'.
Combined with an assumption about the nature of the impact perfectly elastic, in which
kinetic energy is also conserved, or inelastic, in which some kinetic energy is lost
conservation of momentum allows the post-impact velocities in Figure 3.10 to be
determined directly from the pre-impact conditions. Table 3.9 summarises the three
principal methods of dynamics analysis introduced in this section.

Table 3.9 Principal Methods of Kinetics Analysis

Method Governing Relation Best Suited To

Problems requiring acceleration

Newton's second law XF=ma XM =Ia ]
or instantaneous force

Work—energy ., . ) Problems relating force,
method Ui = vomv2? = smvy displacement and speed

Impulse-momentum JF dt = mvs — my Impact, collision, and problems
method ’ ' involving short-duration forces

3.9 Engineering Vibrations

Free Vibration. Free vibration occurs when a mechanical system, displaced from its
equilibrium position and released, oscillates under the action of its own restoring forces
alone, with no continuing external excitation. The simplest engineering model of such a
system is the single-degree-of-freedom (SDOF) spring—mass system of Figure 3.11,
whose motion is governed by the same simple-harmonic-motion relation, x(t) = A cos(wnt
+ ), introduced for an idealised oscillator in Section 2.3, now applied to a physical

engineering system with mass m and spring stiffness k.
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Single-Degree-of-Freedom (SDOF) Spring-Mass-Damper System

NANNANNN

AANANANANANANANAN
3

C

Figure 3.11 Single-degree-of-freedom (SDOF) spring—mass—damper system, the
standard model for engineering vibration analysis.

Damping. Real vibrating systems dissipate energy through friction, material hysteresis,
and fluid resistance, represented in the SDOF model of Figure 3.11 by the damping
coefficient c. As introduced in Section 2.3, damping causes the amplitude of free vibration
to decay over time, and its magnitude relative to a critical value determines whether the
system returns to equilibrium smoothly (overdamped or critically damped) or continues
to oscillate with steadily decreasing amplitude (underdamped).

Forced Vibration. When an external time-varying force F(t) is applied to the SDOF
system, as also shown in Figure 3.11, the system undergoes forced vibration and, after
any initial transient dies away, settles into steady-state oscillation at the frequency of the
applied force rather than its own natural frequency, exactly as described in general terms
in Section 2.3.

Resonance. As discussed in Section 2.3 and shown in Figure 2.2, resonance occurs when
the frequency of the applied force approaches the system's natural frequency, on =
\(k/m), producing a sharp increase in vibration amplitude that is limited only by the
system's damping. Engineering vibration analysis exists largely to predict this natural
frequency accurately and to ensure that a machine or structure's operating frequencies
remain safely separated from it.

SDOF Systems. Table 3.10 summarises the key equations governing the single-degree-
of-freedom system, which despite its simplicity remains the essential starting model for
the vibration analysis of far more complex engineering systems, from vehicle suspensions
and machine foundations to the individual vibration modes of multi-storey buildings and
rotating shafts.
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Table 3.10 Governing Equations of the SDOF Spring—Mass—Damper System

Equation of motion =~ mX + cx + kx = F(t) General forced, damped SDOF
system

Frequency of free, undamped

oscillation

Natural (angular)

frequency on = (k/m)

Damping ratio ¢=c/ (2\(km)) Ratio of actual to critical damping

3.10 Computational Mechanics and Applications

Mathematical Formulation. Every method developed in this chapter equilibrium,
kinematics, kinetics, or vibration ultimately reduces a physical engineering problem to a
set of algebraic, differential, or integral equations. Computational mechanics begins by
formulating these governing equations explicitly for the specific geometry, loading, and
boundary conditions of a real system, translating the general principles of Sections 3.2
through 3.9 into a problem-specific mathematical model, in direct continuation of the

physics-based modelling process introduced in Section 2.10.

Numerical Solution. Many practical engineering systems yield equations too complex
for a closed-form analytical solution statically indeterminate frames, nonlinear vibration
problems, or systems with many interacting rigid and deformable bodies. Numerical
methods, including the finite element method for deformable structures and numerical
integration schemes such as the Newmark or Runge—Kutta methods for equations of
motion, provide approximate solutions of controllable accuracy where exact analysis is

impractical.

Simulation. Multibody dynamics simulation extends rigid-body kinematics and kinetics
(Sections 3.7 and 3.8) to complete mechanical assemblies linkages, mechanisms,
vehicles, and machines predicting the motion, forces and reactions throughout a system
over time under specified inputs, and allowing engineers to evaluate design alternatives

before physical prototypes are built.

Computational Tools. Commercial and open-source software for finite element analysis,
multibody dynamics, and computational fluid dynamics now implement the mathematical
formulations and numerical methods described above, allowing the mechanics principles
developed throughout this chapter to be applied routinely to systems of a size and
complexity far beyond what hand calculation permits. Figure 3.12 summarises the
computational mechanics workflow that connects a physical engineering problem to a
validated numerical solution.
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Simulati
Physical Mathematical Numerical tmation Validated
— — — / —
Problem Formulation Method Results
Software

Figure 3.12 The computational mechanics workflow, from a physical engineering
problem to validated numerical results.

Representative Applications. The methods developed throughout this chapter converge
directly in the analysis of complete engineering systems. Table 3.11 maps four
representative systems onto the specific mechanics principles from this chapter that
govern their behaviour, illustrating how statics, friction, centroidal and inertial properties,
kinematics, dynamics and vibration together form a single, coherent analytical toolkit
rather than a collection of isolated topics.

Table 3.11 Representative Engineering Systems and the Mechanics Principles

Applied

Go.ver.'nlng Mechanics Representative Analysis

Principles

Rigid-body equilibrium, Boom and cable equilibrium;
Crane . . .. -

friction, centre of gravity tipping stability under load

Rigid-body and truss Support reactions; girder bending
Bridge equilibrium, area moment of  under distributed and moving

inertia loads
Lifting Kinematics, dynamics, Motion profile of the load; motor
mechanism work—energy method torque and power sizing

Acceleration and braking
performance; shaft balancing and
resonance avoidance

Vehicle / rotating  Dynamics, mass moment of
machinery inertia, vibration

End of Chapter

This chapter has traced a single, continuous line of reasoning from the vectors and
idealisations of Section 3.2 through equilibrium, friction, geometric and inertial
properties, kinematics and dynamics, to vibration and computational mechanics. At every
step, the methods introduced rest directly on the mathematical tools of Chapter I and the
physical laws of Chapter II, and at every step they point forward to a specific applied
engineering domain structures, machine design, and vibration and dynamic systems

analysis that will be developed in the chapters that follow.
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Mathematics & Engineering Applied
Physics — Mechanics — Engineering
(Ch I-11) (Ch 11I) Chapters

Figure 3.13 Engineering mechanics as the bridge between the mathematical and
physical foundations of Chapters I-II and the applied engineering chapters that follow.

Engineering mechanics, in this sense, is not a self-contained topic but a translation layer:
it takes the abstract laws of physics and renders them as concrete, solvable engineering
procedures free-body diagrams, equilibrium equations, kinematic relations, equations of
motion that recur, largely unchanged in form, throughout the remainder of this text. A
firm command of the material in this chapter is accordingly the single most important
prerequisite for the applied chapters ahead.

References

Hibbeler, R. C. (2016). Engineering mechanics: Statics (14th ed.). Pearson.

Hibbeler, R. C. (2016). Engineering mechanics: Dynamics (14th ed.). Pearson.

Beer, F. P., Johnston, E. R., Mazurek, D. F., Cornwell, P. J., & Self, B. P. (2019). Vector
mechanics for engineers: Statics and dynamics (11th ed.). McGraw-Hill.

Meriam, J. L., Kraige, L. G., & Bolton, J. N. (2020). Engineering mechanics: Statics (9th
ed.). Wiley.

Meriam, J. L., Kraige, L. G., & Bolton, J. N. (2020). Engineering mechanics: Dynamics
(9th ed.). Wiley.

Pytel, A., Kiusalaas, J., & Sharma, M. (2017). Engineering mechanics: Statics (4th ed.).
Cengage Learning.

Shames, 1. H. (1996). Engineering mechanics: Statics and dynamics (4th ed.). Prentice
Hall.

Bedford, A., & Fowler, W. (2007). Engineering mechanics: Statics and dynamics (5th

ed.). Prentice Hall.



SiE

OLYMPICK

PUBLISHER INDIA

[Fer ‘.

CHECK [T’
Updietizs ¢

CHAPTER IV — MATERIALS, STRUCTURES AND
MECHANICS IN CIVIL ENGINEERING

Mrs. Aparna Phalake and Mr. Alok Kadam

Civil Engineering Department, Karmaveer Bhaurao Patil College of Engineering, Satara

4.1 Introduction to Civil Engineering Systems

Structural Engineering. Structural engineering is the branch of civil engineering
concerned with designing the load-bearing skeleton of a built facility buildings, bridges,
towers, dams and similar works so that it safely transmits every load, it experiences to the
ground. It applies the equilibrium and mechanics of materials principles developed in

Chapter III to real structural components: beams, columns, slabs, frames and foundations.

Loads. A structure must be designed to resist several distinct categories of load,
summarised in Table 4.1. Correctly identifying and combining these loads, generally
through code-specified load combinations that account for the probability of loads acting
simultaneously, is the essential first step of every structural design.

Table 4.1 Principal Categories of Structural Load

Dead load Permanent load from the structure's Self-weight of beams,
own weight and fixed elements slabs and walls

Live load Variable load arising from occupancy Peopl§, furnltl'lre, stored
and use materials, vehicles

Wind load Lateral load from wind pressure on Wl'nd' pressure on a
exposed surfaces building facade

. Dynamic inertial load induced by Inertial forces during an

Seismic load .
ground motion earthquake

Snow / thermal Load from snow accumulation or Roof snow load; thermal

load restrained temperature change expansion stress

Structural Systems. Loads are carried to the ground through a structural system an
assembly of members configured to work together, such as a beam-and-column frame, a
truss, a shear-wall system, or a slab-and-column arrangement. The choice of structural
system depends on the span, loading, material availability architectural requirements of
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the project determines which of the analytical methods developed later in this chapter
apply most directly.

Idealization. As in Chapter III, real structures are analysed through idealised models: a
floor slab may be idealised as a two-dimensional plate, a column as a one-dimensional
line element carrying axial load a connection as either perfectly pinned or perfectly rigid.
Figure 4.1 summarises the design process by which a real structure is idealised, analysed
verified before construction.

Real Idealized Load Design Safety
Structure Model Analysis Check Verification

Figure 4.1 The structural idealization and design-verification process.

Safety and Serviceability. Structural design must satisfy two distinct requirements:
safety, ensuring the structure does not collapse or fail catastrophically under the loads it
may reasonably experience serviceability, ensuring it performs acceptably in ordinary use
without excessive deflection, vibration, or cracking that would impair its function or
durability. Design codes enforce both requirements through partial safety factors applied

to loads and material strengths through explicit deflection and crack-width limits.

4.2 Engineering Materials

Material Classification. Civil engineering draws on five broad classes of engineering
material, shown in Figure 4.2: metals, concrete, ceramics, polymers composites. Each
class offers a distinct combination of strength, stiffness, ductility and durability,
summarised in Table 4.2 the selection of an appropriate material or combination of
materials is among the earliest and most consequential decisions in structural design.

Classification of Engineering Materials

Engineering Materials

Metals Concrete Ceramics Polymers Composites

Figure 4.2 Classification of the principal engineering material classes used in civil
engineering.
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Table 4.2 Classes of Engineering Materials in Civil Construction

Material Class Key Properties Typical Civil Engineering Use

High strength and ductility;
Metals good in both tension and
compression

Structural steel members,
reinforcing bars

High compressive strength; low,
Concrete unreliable tensile strength;
brittle

Foundations, slabs and columns
(with reinforcement)

High hardness and compressive

C i . Bricks, tiles, refractory lini
eramics strength: brittle ricks, tiles, refractory linings
Lightweight ion- .
IENWELEAT, COTTrosion Pipes, waterproofing membranes,
Polymers resistant; comparatively low
. sealants
stiffness
Composites Combine the properties of two  Fibre-reinforced polymer (FRP)

or more constituent materials wraps and reinforcement

Metals. Structural metals, chiefly steel, combine high tensile and compressive strength
with significant ductility, allowing them to deform substantially before fracture and to
give visible warning of overload a highly desirable property in structural design. Steel's
high strength-to-weight ratio and its suitability for prefabrication make it the material of
choice for long-span and high-rise structures.

Concrete. Concrete is strong in compression but weak and unreliable in tension, typically
resisting only about one-tenth of its compressive strength before cracking. This
asymmetry is why concrete is almost always used together with steel reinforcement,
which is placed to carry the tensile forces that plain concrete cannot, producing the
composite material reinforced concrete discussed further in Section 4.8.

Ceramics and Polymers. Ceramic materials, including fired clay bricks and tiles, offer
high hardness, good compressive strength excellent durability, but are brittle and carry
negligible tensile capacity, restricting their structural role to compression-dominated
elements such as masonry walls. Polymers are valued in civil construction chiefly for
their light weight, corrosion resistance and water-tightness, finding wide use in piping,
membranes, sealants and, increasingly, as a matrix material in fibre-reinforced
composites.

Composites. Composite materials combine two or more constituent materials to achieve

a combination of properties neither could provide alone. Reinforced concrete is itself a
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composite in this sense fibre-reinforced polymer (FRP) composites carbon or glass fibres
embedded in a polymer matrix are increasingly used to strengthen existing structures
and, in specialised applications, to replace steel reinforcement entirely where corrosion

resistance is paramount.

4.3 Engineering Material Properties

Overview. Selecting a material for a given structural application requires quantifying a
consistent set of mechanical and physical properties, summarised in Table 4.3, which
together determine how a material will behave under load and over its service life.

Table 4.3 Key Engineering Material Properties

Property Definition Typical Unit

Density Mass per unit volume kg/m?

Maximum stress a material can sustain before

2
Strength failure MPa (N/mm?)
Stiffness Res1st?nce to elastic deformation, measured by GPa
Young's modulus
Elasticity Ability to. recover orlg.lnalishape fully after the
load causing deformation is removed
. Ability to undergo permanent (non-
Plasticity recoverable) deformation without fracturing i
Energy absorbed per unit volume before 5
Toughness fracture (area under the stress—strain curve) I/m
Hardness Remstapce ofa surface to indentation, HB, HV, HRC
scratching or abrasion
. Ability to resist deterioration chemical attack,
Durability -

weathering, wear over the design service life

Density and Strength. Density governs a structure's self-weight therefore the dead load
it must itself help resist a particularly important consideration for long-span and high-
rise structures, where minimising self-weight can be as significant as maximising
strength. Strength, most commonly reported as an ultimate or yield stress, sets the load a
member can carry before failure and forms the basis of every strength-based design check
in this chapter.
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Stiffness, Elasticity and Plasticity. Stiffness, elasticity and plasticity together describe
how a material deforms under load: stiffness (Young's modulus, Section 4.4) governs how
much a structure deflects under service loads, elasticity determines whether that
deformation is recovered when the load is removed plasticity the capacity for permanent
deformation without fracture provides ductility, the desirable ability of an overloaded
structure to deform visibly and redistribute load rather than failing suddenly.

Toughness, Hardness and Durability. Toughness measures a material's ability to absorb
energy before fracturing and is particularly important in resisting impact and dynamic
loading, since a strong but brittle material can nonetheless fail catastrophically under
sudden loading. Hardness governs a material's resistance to surface wear and indentation,
relevant to pavements and wearing surfaces, while durability resistance to corrosion,
weathering, chemical attack and cyclic environmental exposure ultimately determines
whether a structure continues to perform safely over its intended design life, a theme

returned to in Section 4.9.

4.4 Stress, Strain and Axial Loading

Normal Stress and Shear Stress. As introduced in Section 2.4, stress is internal force
per unit area. Normal stress, 6 = P/A, acts perpendicular to a cut cross-section and arises
from axial tension or compression, while shear stress, T = V/A, acts parallel to the cut
surface and arises from transverse loading, as shown in Figure 4.3. Distinguishing these
two stress types recognising that most structural elements experience some combination

of both, is fundamental to every subsequent analysis in this chapter.

Normal Stress and Shear Stress

Normal (Axial) Stress on a Shear Stress on a Loaded
Transverse Section Element
\"/
o=P/A -
b
1
P — P
—s) T=V/A
— 1 —
_>:
—s _
I
\"/

Figure 4.3 Normal stress on a transverse section of an axially loaded member (left) and
shear stress on a loaded element (vight).

Strain and Hooke's Law. Strain, ¢ = AL/L, is the fractional deformation produced by
stress Hooke's law, introduced in Section 2.4, relates the two within the elastic range of a

material:

o=FEe
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where E, Young's modulus, is the material's stiffness. This relation is the single most-used
equation in structural mechanics, underlying the calculation of axial deformation, AL =
PL/(AE), used throughout structural design.

Poisson's Ratio. When a material is stretched axially, it simultaneously contracts
laterally, as shown in Figure 4.4. Poisson's ratio, v = —¢lateral/eaxial, quantifies this
coupling and typically lies between about 0.15 and 0.35 for common structural materials
approximately 0.30 for structural steel and 0.15 to 0.20 for concrete a property that
becomes important in multi-axial stress states and in the design of confined concrete
elements.

Lateral Contraction under Axial Tension
(Poisson Effect)

Poisson's ratio: v = — &2t/ €axial

A
A J

Eaxial

Figure 4.4 Lateral contraction accompanying axial elongation, characterised by
Poisson's ratio.

Stress—Strain Curves: Tensile Loading and Compression. The stress—strain curve,
introduced generally in Section 2.4, differs markedly between material types relevant to
civil engineering, as shown in Figure 4.5. Structural steel behaves ductilely, yielding at a
well-defined stress and undergoing large plastic deformation before fracture, whereas
concrete and other brittle materials fracture suddenly at comparatively small strain, with
little or no prior yielding a distinction with direct design consequences, since ductile
behaviour provides visible warning of overload while brittle failure does not.
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Stress-Strain Behaviour: Ductile versus
Brittle Materials

ductile fractur
(after yicle

Stress, o

=== Ductile material (e.g. structural steel)
== Brittle material (e.g. concrete, cast iron)

Strain, €

Figure 4.5 Comparison of ductile (structural steel) and brittle (concrete, cast iron)
stress—strain behaviour.

Thermal Stress. When a structural member is restrained from expanding or contracting
freely as its temperature changes, thermal stress develops:

oc=FEadAT

where o is the material's coefficient of thermal expansion (Section 2.7) and AT is the
temperature change. Thermal stress can be substantial in long, restrained elements such
as continuous bridge decks and pipelines is typically accommodated through expansion
joints rather than resisted directly.

Compound Loading. Many structural members experience more than one type of
loading simultaneously most commonly axial load combined with bending, producing a
combined normal stress, c = P/A + My/l, obtained by superposition of the individual
stress states. Table 4.4 summarises the stress relations for the principal loading types
introduced in this section, several of which are combined directly in the compound-
loading case.

Table 4.4 Stress Relations for Common Loading Types

Axial tension / P/A Uniform normal stress across the
i c= )
compression cross-section
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Uniform shear stress across the
loaded section

Direct shear t=V/A

Stress from restrained thermal

Thermal (restrained) c = EoaAT : .
expansion or contraction

Compound (axial + Combined normal stress from
= +
bending) o=P/AxMy/l simultaneous axial load and bending

4.5 Shear Force and Bending Moment

Beam Loading. A beam subjected to transverse loads develops an internal shear force V
and bending moment M at every section along its length, both of which vary with position
and must be determined before the beam can be sized against the bending-stress and
deflection criteria of Section 4.6. Beam loading is generally categorised as point loads,
concentrated at a single location, or distributed loads, spread continuously over some or

all of the span.

Point Loads and Distributed Loads. A point load produces an abrupt (discontinuous)
change in the shear force diagram at its location and a corresponding change in slope, or
kink, in the bending moment diagram. A uniformly distributed load (UDL), by contrast,
produces a shear force that varies linearly along the loaded length and a bending moment
that varies parabolically, reflecting the calculus relationship between the two, summarised
in Table 4.5.

Table 4.5 Shear Force and Bending Moment Relations

Load Type Effect on SFD Effect on BMD

Sudden step (discontinuity) at ~ Sudden change in slope

Point load the load location (kink) at the load location
Uniformly distributed . . . . Curved (parabolic)

load (UDL) Straight-line (linear) variation variation

Governing differential dV/dx = —w IM/dx = V

relations

Shear Force Diagrams (SFD) and Bending Moment Diagrams (BMD). The shear
force diagram and bending moment diagram plot V(x) and M(x) along the length of the
beam and are constructed either by direct application of the equilibrium equations from
Section 3.4 at successive sections, or by integrating the load—shear—-moment relations of
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Table 4.5. Figure 4.6 shows the SFD and BMD for a simply supported beam carrying a
single central point load, the simplest and most instructive case.

Simply Supported Beam with Central Point Load
P

|
A R

A B
Ra = P/2 Rg = P/2

Shear Force Diagram (SFD)

+P/2

—P/2

Bending Moment Diagram (BMD)

Mpmax = PL/4

Figure 4.6 Free-body diagram, shear force diagram (SFD) bending moment diagram
(BMD) for a simply supported beam under a central point load.

Applications. The maximum bending moment identified from the BMD Mmax = PL/4
for the central-point-load case of Figure 4.6 1is the value used directly in the bending-
stress design check of Section 4.6, while the maximum shear force governs the design of
the beam against shear failure and, in reinforced concrete, the spacing of shear
reinforcement (stirrups). Constructing accurate SFDs and BMDs is accordingly the
essential link between the loads a beam carries and its final structural design.

4.6 Bending, Torsion and Beam Deflection

Simple Bending and Bending Stress. When a beam bends under the moment M
identified from its BMD, the theory of simple bending shows that the resulting normal
(bending) stress varies linearly across the depth of the cross-section:

o=My/I

where y is the distance from the neutral axis and I is the area moment of inertia introduced

in Section 3.6. As shown in Figure 4.7, this produces compressive stress on one side of
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the neutral axis and tensile stress on the other, with maximum stress occurring at the

extreme fibres of the section.

Bending Stress Distribution across
a Beam Cross-Section

compression (—)
1—
‘_
N.A.
—>
—
tension (+)

Figure 4.7 Linear bending-stress distribution across a beam cross-section, with
compression above and tension below the neutral axis.

Neutral Axis and Section Modulus. The neutral axis is the line within the cross-section
along which bending stress is zero for a homogeneous, symmetric section it passes
through the section's centroid (Section 3.6). The section modulus, Z = I/c, where c is the
distance from the neutral axis to the extreme fibre, allows the maximum bending stress
to be found directly from the applied moment, omax = M/Z, without separately
calculating y a convenient simplification used throughout beam design.

Torsion and Angle of Twist. A shaft subjected to a torque T develops shear stress that
varies linearly with radial distance from the shaft's centre, as shown in Figure 4.8,

reaching its maximum value at the outer surface:
t=1r/J o =TL/(GJ)

where J is the polar moment of inertia of the cross-section (Section 3.6), G is the shear
modulus (Section 2.4) ¢ is the resulting angle of twist over a shaft of length L. Although
torsion is less commonly the governing load case in civil structures than in machine
shafts, it is significant in curved bridge girders, eccentrically loaded beams spandrel
beams supporting slabs on one side only.
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Torsion of a Circular Shaft: Shear Stress
Distribution and Angle of Twist

angle of twist, ¢ = %

T increases linearly with radius: T =1Ir

J

Figure 4.8 Torsion of a circular shaft: shear stress increases linearly with radius the
applied torque produces an angle of twist over the shaft length.

Beam Deflection and Slope. Under load, a beam's originally straight axis deforms into
a curve known as the elastic curve, v(x), shown in Figure 4.9, with the slope of this curve
at any point, 0 = dv/dx, representing the beam's rotation there. Excessive deflection, even
where a beam remains fully safe against bending and shear failure, can impair
serviceability causing perceptible sagging, damage to non-structural finishes, or
interference with attached equipment making deflection an independent design criterion
alongside strength.

Beam Deflection: Elastic Curve, Slope and
Deflection at a Point

Undeformed beam axis
== Deflected (elastic) curve, v(x)

Figure 4.9 Beam deflection: the elastic curve, its slope at a point the resulting
deflection.
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Double Integration and the Moment-Area Method. The elastic curve is governed by
the differential equation EI(d*v/dx?) = M(x), obtained by combining the bending-stress
relation of this section with the beam-curvature relation from elementary calculus. The
double integration method solves this equation directly, integrating twice with respect to
x and applying the beam's boundary conditions to evaluate the constants of integration,
while the moment-area method uses geometric relationships between the M/EI diagram
and the elastic curve to find slope and deflection at specific points without solving the
differential equation explicitly, as compared in Table 4.6.

Table 4.6 Beam Deflection Methods Compared

Method Basis Best Suited To

Simple loading on single-span

Direct integration of .
& beams with a known M(x)

Double integration EI(d?v/dx?) = M(x)

expression
Geometric relationships Beams with complex loading;
Moment-area . . .
method between the M/EI diagram finding slope or deflection at
and the elastic curve specific points

4.7 Columns, Buckling and Stability

Short Columns. A short column, in which the length is small relative to its cross-
sectional dimensions, fails by direct crushing of the material once the axial stress reaches
the material's compressive strength, ¢ = P/A > cultimate, exactly as in the simple axial
loading of Section 4.4. Failure of a short column is therefore a strength problem, governed
entirely by cross-sectional area and material strength.

Long Columns and Buckling. A long, slender column, by contrast, typically fails not
by crushing but by buckling: a sudden, large lateral deflection that occurs well before the
material's compressive strength is reached, once the applied axial load reaches a critical
value. Buckling is a stability problem rather than a strength problem it depends on the
column's geometry and stiffness (through its moment of inertia) rather than on its material
strength alone it can occur with little or no warning, making it a particularly important
structural failure mode to design against.

Euler Theory. Euler's column theory predicts the critical buckling load of an ideal,
initially straight, elastic column:

Pcr = n’El/ Le?
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where Le is the column's effective length, which depends on how its ends are restrained.
Figure 4.10 shows the buckled mode shape corresponding effective length, for the four
standard end conditions summarised in Table 4.7.

Euler Buckling Mode Shapes for Different Column End Conditions

Pinned-Pinned Fixed-Free Fixed-Fixed Fixed-Pinned
Le=L Le=2L Le=0.5L Le=0.7L

Figure 4.10 Euler buckling mode shapes for pinned—pinned, fixed—free, fixed—fixed
fixed—pinned column end conditions.

Table 4.7 Euler Buckling: Effective Length and Critical Load by End Condition

End Condition Effective Length, Le Critical Load, Pcr

Pinned—pinned L mEl/ L2
Fixed—free 2L m’El/ (2L)?
Fixed—fixed 0.5L m?El/ (0.5L)?
Fixed—pinned ~0.7L m*El/ (0.7L)?

Stability. Because the critical buckling load falls off with the square of the effective
length, small increases in unbraced column length or small reductions in end restraint can
produce large reductions in load-carrying capacity, which is why structural design
provides bracing, moment-resisting connections conservative end-condition assumptions
wherever a column's stability, rather than its material strength, is the governing design

consideration.

4.8 Structural Materials and Construction

Overview. Building on the general material classes introduced in Section 4.2, this section
examines the specific structural material systems used to construct real civil engineering
works, summarised in Table 4.8.
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Table 4.8 Structural Material Systems in Civil Construction

Key Characteristics Typical Application

Combines concrete's compressive

Reinforced : . . Foundations, slabs,
strength with steel's tensile

concrete columns and beams
strength
High strength-to-weight ratio; High-rise frames, bridges,

Structural steel & ) g & .. ) & ) &
ductile; suited to prefabrication industrial structures

Brick or block units bonded with Load-bearing walls, low-

Masonry . . rise buildings, heritage
mortar; good in compression
structures

Composite Steel and concrete acting together ~ Composite bridge girders,
structures through shear connectors high-rise floor systems

. Recycled aggregates, fly-
Sustainable 4 BETEEates, 1y Low-carbon and green-

. ash/GGBS blends, engineered . :
materials certified construction

timber

Reinforced Concrete. Reinforced concrete embeds steel reinforcing bars within the
tensile zone of a concrete member directly informed by the bending-stress distribution
of Figure 4.7 allowing the concrete to carry compression and the steel to carry tension
together achieving a strength and versatility that neither material provides alone. Its
formability makes it particularly suited to complex geometries and cast-in-place
construction.

Structural Steel. Structural steel members are typically fabricated off-site to standard
rolled or welded sections and erected by bolting or welding, allowing faster construction
and tighter quality control than cast-in-place concrete. Steel's ductility, evident in the
stress—strain behaviour of Figure 4.5, gives steel structures a valuable capacity to deform
and redistribute load under extreme events before failing.

Masonry. Masonry construction, among the oldest structural technologies still in wide
use, relies on the compressive strength of brick, block or stone units and is well suited to
load-bearing walls in low-rise construction, though its low tensile capacity requires
careful attention to lateral loads such as wind and seismic action.

Composite Structures and Sustainable Materials. Composite construction connects
steel and concrete elements typically a steel beam and a concrete deck slab with
mechanical shear connectors so that the two materials act as a single, stiffer and stronger
section than either would alone, a technique widely used in modern bridge and building
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floor systems. Growing attention to the environmental impact of construction has also
driven adoption of sustainable materials: recycled aggregates and supplementary
cementitious materials that reduce the carbon footprint of concrete engineered timber
products such as cross-laminated timber (CLT), which offer a renewable alternative to

steel and concrete in appropriate applications.

4.9 Structural Safety, Failure and Resilience

Structural Failure. Structural failure occurs when a structure or member can no longer
perform its intended function, ranging from a serviceability failure excessive deflection
or cracking to a complete strength failure resulting in collapse. Understanding the
specific mechanisms of failure, several of which are summarised in Table 4.9, is essential
both to preventing failure through design and to investigating it after the fact (Section
4.10).

Fatigue. Fatigue is the progressive weakening of a material under repeated cyclic
loading, often at stress levels well below the material's static strength is characterised by
the S-N curve shown in Figure 4.11, which relates stress amplitude to the number of
cycles a material can sustain before failure. Ferrous metals such as structural steel
typically exhibit an endurance limit a stress amplitude below which fatigue failure will
not occur regardless of the number of cycles whereas non-ferrous metals such as
aluminium generally do not, an important distinction in the design of bridges, cranes other
structures subject to repeated loading.

S-N (Fatigue) Curves: Ferrous versus
Non-Ferrous Metals

= = Ferrous metal (e.g. steel) — endurance limit

== Non-ferrous metal (e.g. aluminium) — no endurance limit
wn
0]
o
>
h=
o
=
©
)
0
(]
=
wn

endurance limit, Se
10° 104 10° 10° 10’ 108

Number of cycles to failure, N (log scale)

Figure 4.11 S—N (fatigue) curves comparing ferrous metals, which exhibit an
endurance limit, with non-ferrous metals, which do not.



Engineering Nexus [T

Fracture and Corrosion. Fracture is the sudden propagation of a crack through a
material, particularly dangerous in brittle materials and in ductile materials that have
become embrittled by low temperature, fatigue damage, or hydrogen exposure.
Corrosion, the chemical or electrochemical deterioration of a material most commonly
the rusting of steel reinforcement or structural steel progressively reduces a member's
effective cross-section and strength over time is among the leading causes of long-term

structural deterioration in civil infrastructure.
Table 4.9 Principal Structural Failure Modes

Failure Mode | Description Mitigation / Monitoring

Progressive damage from repeated

Fatigue cyclic loading, often below yield
stress

Fatigue-resistant detailing;
design against the S—N curve

Sudden, often brittle, propagation  Fracture-toughness testing;

Fracture . -
of a crack through the material crack-arrest detailing

) ) Protective coatings, cathodic
Chemical or electrochemical g

Corrosion .. . protection, adequate
deterioration, especially of steel .
reinforcement cover

Risk and Reliability. Because loads, material strengths and construction quality all carry
inherent uncertainty, modern structural design increasingly uses reliability-based
methods, which quantify the probability of failure explicitly rather than relying solely on
a single deterministic factor of safety. Risk assessment combines this probability of failure
with the consequence of failure human, economic and social to prioritise design effort
and inspection resources toward the structures and failure modes that matter most.

Structural Health Monitoring. Structural health monitoring (SHM) uses sensors strain
gauges, accelerometers, fibre-optic sensors and similar instrumentation, drawing directly
on the measurement principles of Section 2.9 installed on or within a structure to track
its condition continuously or periodically over its service life, providing early warning of
developing distress such as excessive deflection, cracking, or loss of stiffness before it

becomes critical.

Climate Resilience and Disaster-Resistant Design. Structures are increasingly
designed for climate resilience the ability to continue performing safely under the more
frequent extreme weather events, elevated temperatures changing flood and wind loading
associated with a changing climate alongside long-established disaster-resistant design
practices for earthquakes, hurricanes other extreme events. Both objectives extend the
safety and serviceability requirements of Section 4.1 to explicitly account for a wider and
more severe range of future loading conditions.
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4.10 Civil Engineering Case Studies

Beam / Bridge Analysis. A representative bridge girder analysis begins with the load
types of Section 4.1 dead load, vehicular live load environmental loads combined and
applied to a structural idealisation such as the simplified truss shown in Figure 4.12.
Support reactions and internal member forces are found from rigid-body equilibrium
(Section 3.4), the governing bending moment from the SFD and BMD methods of Section
4.5 the girder or chord members are finally sized against the bending-stress and deflection
criteria of Section 4.6.

Simplified Truss Bridge Schematic for
Case-Study Structural Analysis

Joint Loads

/N A

Figure 4.12 Simplified truss bridge schematic, illustrating the structural idealisation
used in a representative bridge case study.

Building Frame. A building frame case study extends single-member analysis to a
complete assembly of beams and columns, requiring rigid-body and frame equilibrium
(Section 3.4) to establish the load path from roof and floor loads down to the foundations,
column design against the buckling criteria of Section 4.7 connection design to ensure the
assumed idealisation pinned or rigid is actually achieved in practice.

Reinforced Concrete Structure. A reinforced concrete case study applies the
compound-loading relations of Section 4.4 to a section combining concrete in
compression and steel reinforcement in tension, sizing the reinforcement quantity and
placement so that the section's bending and axial capacity, calculated using the material
properties of Sections 4.2 and 4.3, safely exceeds the demand identified from the
structural analysis.

Failure Investigation. A failure investigation applies the failure modes of Section 4.9
fatigue, fracture, corrosion, or overload forensically, working backward from observed
structural distress to its root cause. Figure 4.13 outlines the general investigation process,
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from initial site observation through material testing to a documented root cause and

remediation recommendation.

Incident / Site Material Root-Cause Remediation
Distress Investigation Testing Analysis Plan

Figure 4.13 A typical structural failure investigation process.

Table 4.10 Civil Engineering Case Studies: Principles Applied

Case Study Principles Applied Typical Deliverable

Beam / bridge SFD/BMD, bending stress, Design check of girder
analysis beam deflection capacity and serviceability
Rigid-body equilibrium, load Frame analysis under

Building frame path, column buckling gravity and lateral loads
Section design for
combined axial load and
bending

Reinforced concrete ~ Compound loading, concrete
structure and steel material properties

Root-cause determination
and remediation
recommendations

Failure modes fatigue, fracture,

Failure investigation .
corrosion

Across all four case studies, the same progression recurs: loads are identified and
idealised (Section 4.1), material behaviour is characterised (Sections 4.2—4.3), internal
stresses and internal force diagrams are determined (Sections 4.4—4.5), members are sized
against bending, torsion, deflection and buckling (Sections 4.6—4.7) the resulting design
is checked against the material systems, safety margins and failure modes of Sections
4.8-4.9. This progression, more than any single formula, is the essential structural
engineering method that this chapter has sought to establish.
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CHAPTER V- MACHINES, MECHANISMS AND
MECHANICAL SYSTEMS
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5.1 Introduction to Mechanical Systems

Mechanical Engineering. Mechanical engineering is the branch of engineering concerned
with the design, analysis, manufacture and operation of machinery devices that convert energy
into useful motion or force, or that transmit and modify motion already produced elsewhere. It
draws directly on the statics, dynamics and mechanics of materials developed in Chapters III
and IV, applying them to the moving assemblies of links, gears, shafts and springs that make up

real machines.

Machines versus Mechanisms. Although the terms are related, a mechanism and a machine
are distinct concepts. A mechanism is an assembly of rigid bodies connected by joints that
transforms an input motion into a desired output motion, generally without transmitting
significant force or doing useful work. A machine is a mechanism, or an assembly of
mechanisms, that additionally transmits force and performs useful work an engine, a pump and
a gearbox are all machines, while the four-bar linkage examined in Section 5.3 is, in isolation,

a mechanism. Table 5.1 summarises this distinction.

Table 5.1 Machines versus Mechanisms

Primary purbose Transforms or transmits Transforms or transmits motion and
Ty puIp motion does useful work
Ener: o Converts input energy (electrical,
&Y. Not necessarily involved Ut STcTEy (

conversion thermal, fluid) into output work
Force Generally small, secondary Significant forces are transmitted
transmission to motion and resisted

Four-bar linkage, cam- Engine, pump, gearbox, robotic
Examples ag e, putip, g

follower pair manipulator

System Components. Every mechanical system, however complex, is built from a small set
of recurring component classes: links and structural members that carry load and locate other
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parts; joints and kinematic pairs (Section 5.2) that permit and constrain relative motion; power-
transmission elements such as gears, belts, chains and shafts (Sections 5.4 and 5.6); energy-
storage and force elements such as springs and flywheels (Sections 5.5 and 5.7); and in modern
systems, sensors, actuators and controllers (Section 5.10). Recognising these recurring roles is

the first step in analysing an unfamiliar machine.

The Engineering Design Process. Mechanical systems are developed through a structured
design process rather than by ad hoc invention. Functional requirements and constraints are first
defined, candidate concepts are generated and screened, a chosen concept is developed into a
detailed design using the analytical methods of this chapter the design is prototyped and tested
before being released to production, as summarised in Figure 5.1. This process is iterative in
practice analysis or testing at any stage may send the design back to an earlier one but the
overall progression from function to verified hardware is common to all the case studies

considered in Section 5.11.

Problem Conceptual Detailed Prototyping )
. — . - . - . —| Production
Definition Design Design & Testing

Figure 5.1 The mechanical engineering design process, from problem definition to
production.

5.2 Kinematics of Mechanisms

Links and Joints. A mechanism is idealised as a set of rigid links bodies assumed incapable
of internal deformation connected to one another by joints. A link may be a simple bar, but also
a frame, a crank or any other rigid member; one link, the frame or ground, is conventionally
fixed. Each joint permits a specific pattern of relative motion between the two links it connects
while constraining all other relative motion it is this pattern of permitted and constrained motion

that a kinematic analysis seeks to characterise.

Degrees of Freedom and Mobility. The number of independent parameters needed to fully
specify the configuration of a mechanism is its degree of freedom (DOF), or mobility. For a
planar mechanism with n links, j1 lower (single-DOF) pairs and j2 higher (two-DOF) pairs, the
mobility is given by the Griibler—Kutzbach criterion:

M=3m—-1)-2ji—j

A mechanism with M = 1 has a single independent input turning one crank fully determines
the position of every other link and is the most common configuration in machine design; M =
0 describes a rigid structure with no relative motion M < 0 an over-constrained, statically

indeterminate structure.

Kinematic Pairs. The joints connecting links are classified as kinematic pairs according to the
relative motion they permit. The lower pairs so called because contact between the links occurs
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over a surface are the most common in machine design and are summarised in Table 5.2 and
illustrated for the two most frequently encountered cases, the revolute and prismatic pairs, in
Figure 5.2. Higher pairs, such as the point or line contact between a cam and its follower or
between meshing gear teeth, permit more complex relative motion and are treated separately in
Sections 5.4 and 5.5.

Table 5.2 Lower Kinematic Pairs and Their Degrees of Freedom

Pair Type Relative Motion Permitted DOF

Revolute (pin) Rotation about a single axis 1
Prismatic (sliding) Translation along a single axis 1

Coupled rotation and translation about one

Screw (helical) . 1
axis

Cylindrical Indepqndent rotation and translation about 5
one axis

Spherical (ball-and-socket)  Rotation about three independent axes 3

Planar Translation in a plane plus rotation about 3

its normal

Lower Kinematic Pairs: Revolute and Prismatic Joints

Revolute (Pin) Joint — 1 DOF
(rotation only) Prismatic (Sliding) Joint — 1 DOF
(translation only)

relative sliding displacement s
relative rotation 6 about pin

Figure 5.2 The revolute (pin) and prismatic (sliding) joints, the two most common lower
kinematic pairs.

Mobility in Practice. Applying the Griibler—Kutzbach criterion to a real mechanism requires
care in counting links and joints correctly a common source of error is failing to recognise that
two links connected at a single point by more than one coincident joint still contribute only their
true independent constraint. When correctly applied, however, the mobility calculation is the
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essential first check performed before any further kinematic or dynamic analysis: a designer
proposing a new mechanism verifies that it has the intended number of degrees of freedom

before proceeding to position, velocity and acceleration analysis.

5.3 Four-Bar Mechanism

Construction. The four-bar linkage is the simplest closed-loop mechanism with a single degree
of freedom and because of this simplicity combined with a remarkable versatility of motion, it
is the most extensively studied mechanism in machine design. As shown in Figure 5.3, it
comprises four links connected in a closed chain by four revolute joints: the fixed link (ground),
the crank, the coupler and the rocker. Applying the mobility equation of Section 5.2 with n =4
and j1 =4 confirms M = 3(3) — 2(4) = 1, the single degree of freedom expected of a functioning
linkage.

Four-Bar Linkage: Crank, Coupler and Rocker

C

Link 3 (coupler)

Link 4
(rocker)

Link 2
(crank)

Link 1 — fixed (ground)

Figure 5.3 The four-bar linkage: fixed link AD, crank AB, coupler BC and rocker CD.

Position, Velocity and Acceleration Analysis. For a given crank angle, the position of every
other point on the linkage is found by solving the vector loop-closure equation for the four links,
which expresses the requirement that the links return to the fixed pivot D having traversed the
closed loop A-B—C-D. Differentiating this position equation once with respect to time yields
the velocity relations among the links, using the relative-velocity method of Section 3.7
differentiating again yields the corresponding acceleration relations, including the Coriolis
terms that arise wherever a point moves relative to a rotating link. These analyses are typically
automated in practice, but the underlying vector-loop method is common to every planar
linkage.

Grashof's Criterion. Whether a four-bar linkage can complete a full rotation of any link is
determined by Grashof's law, which compares the lengths of the shortest link (s), the longest
link (1) the two remaining links (p and q):



Engineering Nexus

s +1<p+q — Grashof linkage

When this condition holds, the specific behaviour depends on which link is fixed, as classified
in Table 5.3; when it does not hold, the linkage is non-Grashof and no link can complete a full
revolution relative to the others.

Table 5.3 Grashof Classification of Four-Bar Mechanisms

Fixed Link Resulting Behaviour

Double crank both links adjacent to the

+1<p+ i
stl<p+q Shortest link shortest fully rotate
cil<ps Link adjacent to Crank-rocker one link fully rotates, the
=p7q shortest opposite one oscillates
cil<ps Link opposite the Double rocker both fixed-adjacent links
=P74 shortest oscillate
S+1>ptq Any link Non-Grashof (triple rocker) no link

completes a full rotation

Applications. The crank-rocker configuration converts continuous rotary input into oscillating
output and underlies windshield-wiper mechanisms and many pump drives; the double-crank
configuration transmits rotary motion between non-parallel or offset shafts at a varying velocity
ratio; and the double-rocker configuration is common in toggle clamps and certain suspension
linkages. This versatility, obtained from only four rigid links and four pin joints, is the reason
the four-bar linkage recurs throughout the machine case studies of Section 5.11.

5.4 Gears and Gear Trains

Gear Terminology. Gears transmit rotary motion and torque between shafts through the
successive engagement of shaped teeth their design and specification rest on a small set of
standard terms illustrated in Figure 5.4. The pitch circle is the imaginary circle at which two
meshing gears may be considered to roll against one another without slipping; the addendum
and dedendum circles bound the tooth tip and root respectively; and the pressure angle, o, is
the angle between the line of action along which contact force is transmitted and the common
tangent to the pitch circles at the pitch point. A consistent module (tooth size) and pressure angle

between two gears is essential for correct meshing.
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Spur Gear Meshing: Terminology and Pressure Angle

Addendum circle

Pitch point

Figure 5.4 Spur gear meshing, showing the pitch, addendum and dedendum circles and the
pressure angle at the pitch point.

Gear Types. Different gear geometries suit different shaft arrangements and performance
requirements, as summarised in Table 5.4. Spur gears, with teeth cut parallel to the shaft axis,
are the simplest and most widely used form for parallel shafts; helical gears cut their teeth at an
angle to the axis, engaging more gradually and so running more smoothly and quietly at the
cost of an additional axial thrust load; bevel gears carry teeth on a conical form to connect
intersecting shafts, most commonly at right angles; and worm gears pair a screw-like worm
with a worm wheel to connect perpendicular, non-intersecting shafts at high reduction ratios,
often with the useful property of being self-locking against reverse drive.

Table 5.4 Gear Types and Characteristics

Gear Type Shaft Arrangement Typical Application

General-purpose power

Spur Parallel, straight teeth ..
transmission

Parallel or crossed, angled

Helical teeth Smooth, quiet, higher-speed drives

Bevel Intersecting, conical form nght-angle drives, e.g.
differentials

Worm Perpendicular, non- High reduction ratios; self-locking

intersecting drives
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Gear Trains and Velocity Ratio. A single pair of meshing gears relates input and output
angular velocity inversely to the number of teeth on each gear, since the tangential velocity at
the pitch point is common to both:

Niw: = Naw:2 VR = w: /a)z =N: /N1

where N denotes the number of teeth and ® the angular velocity of each gear. Combining several
gear pairs into a gear train, illustrated in Figure 5.5, extends this relation to achieve reduction
or multiplication ratios beyond what a single pair can conveniently provide, at the cost of

increased mechanical complexity, as compared in Table 5.5.

Epicyclic (Planetary) Gear Train
sun (S), planets (P), ring (R)

. . Compound Gear Train
Simple Gear Train (two gears per intermediate shaft)
(single gear per shaft)

e

gears 2-3
I I Fyed ‘together

Figure 5.5 Simple, compound and epicyclic (planetary) gear trains.

Ring gear (R)

Table 5.5 Gear Train Types and Velocity Ratio

Train Type Velocity Ratio Behaviour Key Feature

Product of successive pair ratios; Idlers reverse output

Simple idler gears do not affect magnitude direction only
Product of the ratios of gear pairs Large ratio achieved in
Compound
keyed to common shafts a compact space
Epicyclic Found from the relative motion of Co.m pact; m}lltlp le
. . ratios by fixing
(planetary) sun, planet, ring and carrier

different members

5.5 Cams, Followers, Flywheels and Governors

Cam Types and Followers. A cam is a shaped rotating (or, less commonly, translating)
member that imparts a prescribed motion to a second member, the follower, through direct
contact a higher kinematic pair, since contact occurs along a line or at a point rather than over
a surface. Figure 5.6 shows a plate cam driving a roller follower, the most common
arrangement, in which a roller mounted at the follower tip reduces sliding friction and wear
compared with a flat or knife-edge follower in direct contact with the cam profile.
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Cam-Follower Mechanism and Motion Characteristics

Cam and Roller Follower Cycloidal Follower-Motion Curves
follower
4 Mmotion 1.00 o
0.75 4
¥ o504
=
k=
S 0.25 A
£
- 0.00
L
u
T —0.25
£
S
S -0.50 ~
am :
(rotates at w) —0.75 4 = Displacement, s
— Velocity, ds/dt
—1.00 4 Acceleration, d*s/dt?
T T T T

0.0 0.2 0.4 0.6 0.8 1.0
Cam angle, 6 / (rise period)

Figure 5.6 A cam-and-roller-follower pair the displacement, velocity and acceleration
produced by cycloidal follower motion.

Displacement Diagrams and Follower Motion. The cam profile is designed from a
displacement diagram, which specifies the follower's displacement as a function of cam angle
over each rise, dwell and return segment of the cycle. Several standard motion laws are used,
summarised in Table 5.6; cycloidal motion, plotted in Figure 5.6, is generally preferred in high-
speed machinery because both its velocity and acceleration return smoothly to zero at the start
and end of each segment, avoiding the abrupt changes that produce shock loading and vibration

in simpler motion laws.

Table 5.6 Follower Motion Types

Motion Type Velocity Characteristic | Acceleration Characteristic

. . Constant across the Theoretically infinite (a shock)
Uniform velocity
segment at each end
Uniform Constant, with a sign reversal at

Varies linearly

acceleration/deceleration mid-stroke

Simple harmonic motion Finite, but with a discontinuous

Varies sinusoidally

(SHM) slope at the ends
Cveloidal Varies smoothly, Zero at both ends smoothest,
y sinusoidal-based lowest-shock motion

Flywheels and Energy Fluctuation. Many machines, particularly those driven by
reciprocating engines or presses, experience a torque that varies substantially over each cycle,
as plotted in the turning-moment diagram of Figure 5.7. A flywheel a rotor of deliberately large
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moment of inertia is fitted to such machines to absorb the surplus kinetic energy delivered
while the torque exceeds its mean value and release it during the deficit, smoothing the resulting
shaft speed fluctuation to within an acceptable coefficient of fluctuation without materially
affecting the mean speed.

Turning-Moment Diagram and
Flywheel Energy Fluctuation Centrifugal (Porter-Type) Governor

energ

1.6 1 surplus

1.4 9
1.2+

mean torque, Trhean

R R ettt

Torque, T

0.8 1
sleeve
energy displacement

0.6 1 deficit

0.4 4

T T T T T T
o] 1 2 3 4 5 6

Crank angle, 6 (rad)

Figure 5.7 A turning-moment diagram showing flywheel energy fluctuation a centrifugal
(Porter-type) governor.

Governors and Speed Regulation. Where a flywheel smooths short-term torque fluctuation
within a cycle, a governor regulates a machine's mean speed against slower changes in load.
The centrifugal governor illustrated in Figure 5.7 uses rotating balls whose radius hence
centrifugal force, increases with shaft speed; this force raises a sleeve on the governor spindle
the sleeve's displacement is linked to a fuel or steam control valve so that an increase in speed
automatically reduces the energy supplied to the machine vice versa, maintaining speed close
to a set value despite changing load.

5.6 Shafts, Keys, Couplings and Bearings

Shaft Design and Torsional Loading. A shaft is a rotating member that transmits torque and
frequently, supports gears, pulleys or couplings along its length. Its primary design requirement
is adequate strength and stiffness against the torsional shear stress introduced in Section 4.6, t
= Tr/J, combined where relevant with the bending stresses produced by transverse loads from
gears or belts; most shaft failures in service are fatigue failures originating at a stress
concentration such as a shoulder, keyway or hole, making careful attention to fillet radii and

surface finish as important as the nominal stress calculation itself.

Keys and Keyways. A key is a small parallel-sided or tapered piece fitted into matching
keyways cut in a shaft and the hub of a gear, pulley or coupling, transmitting torque between
the two by shear and bearing on the key's flanks. Because the keyway is a stress concentration
in the shaft, its dimensions and placement are chosen to keep the reduction in shaft strength
within acceptable limits in critical applications the key itself, rather than the shaft, is
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intentionally designed as the weaker element so that overload shears the (inexpensive, readily
replaceable) key rather than damaging the shaft.

Couplings and Power Transmission. A coupling connects two shaft ends to transmit torque
between them the choice of coupling type, summarised in Table 5.7, depends chiefly on how
much misalignment between the shafts must be accommodated. Rigid couplings assume the
shafts are precisely aligned and offer no tolerance for misalignment; flexible couplings
incorporate a resilient element to absorb small radial, axial or angular misalignment and to
cushion torque shocks; and universal (Hooke's) joints are used specifically where the shafts

intersect at a significant, sometimes varying, angle, as in vehicle drivelines.

Table 5.7 Shaft Couplings and Bearing Types

Component Type Function / Feature

Permanent, precise alignment; no

Coupling Rigid (sleeve or flange) misalignment tolerance
. Flexible (e.g. Oldham, Accommodates small
Coupling ..
bellows) misalignment; absorbs torque shock
Coupling Universal (Hooke's joint) Conpects shafts at a significant or
varying angle
. e High load capacity; relies on a
Bearing Sliding (journal) hydrodynamic oil film
Bearing Rolling (ball or roller) Low friction; standardised, precise,

easily replaced

Sliding and Rolling Bearings. A bearing supports a rotating or sliding shaft while permitting
the intended relative motion with minimum resistance the two families compared in Figure 5.8
dominate mechanical design. Sliding (journal) bearings support the shaft on a thin
hydrodynamic oil film generated by the shaft's own rotation once sufficient speed is reached,
giving high load capacity and quiet operation but requiring reliable lubrication, particularly at
start-up before the film is established. Rolling-element bearings interpose balls or rollers
between the shaft and housing, replacing sliding friction with the much lower rolling friction
and offering standardised sizes and predictable fatigue life at the cost of a more complex,

precision-manufactured component.



Engineering Nexus

Sliding versus Rolling-Element Bearings

Sliding (Journal) Bearing Rolling-Element (Ball) Bearing

O_O
@)

®)
Q0

thin oil film rolling elements
(hydrodynamic lubrication) (balls) — low friction

@)
@)
@)

Figure 5.8 Sliding (journal) and rolling-element (ball) bearings compared.

Lubrication. Lubrication reduces friction and wear between contacting surfaces by interposing
a film of oil, grease or solid lubricant additionally assists in cooling and in flushing away wear
debris. The lubrication regime ranges from boundary lubrication, in which the surfaces remain
in partial contact through a thin molecular film, to full hydrodynamic or elastohydrodynamic
lubrication, in which the load is carried entirely by a pressurised fluid film with no direct metal-

to-metal contact the regime targeted by the correctly designed journal bearing described above.

5.7 Springs and Machine Design

Spring Types. A spring is a machine element designed to deflect elastically under load and to
store the corresponding strain energy, returning it when the load is removed. The principal
types, summarised in Table 5.8 and shown in Figure 5.9, are selected according to the required
loading direction and available space: helical springs for axial compression or tension, torsion
springs for applied torque, leaf springs for transverse bending loads such as those in a vehicle
suspension Belleville (disc) springs where high stiffness is needed within a very small axial
length.

Table 5.8 Spring Types and Design Criteria

Spring Type Typical Application

. ) . . Shock and vibration isolation,

Helical compression Axial compressive .
valve springs

Helical . . .

. ) Axial tensile Return mechanisms, latches

tension/extension

Torsion spring Torque about the coil axis  Hinges, clips, counterbalances
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Spring Type Typical Application

Leaf spring Transverse bending Vehicle suspensions
Belleville (disc) Axial, high stiffness in Bolted-.J01nt preload, overload
small space protection

Common Machine Spring Types

Helical Compression Spring Semi-Elliptical Leaf Spring

I load, W
wire diameter, d
mean coil dia., D
active coils, n /\

graduated leaves (master + graduated)

4
I

Figure 5.9 Helical compression and semi-elliptical leaf springs, the two most common
machine spring forms.

Helical Springs: Stiffness and Energy Storage. For a helical spring of wire diameter d, mean
coil diameter D and n active coils, made from a material of shear modulus G, the axial stiffness
is:

k=Gd'/ (8D n)

The strain energy stored at deflection x follows directly from this linear force—deflection
relationship, U = 2kx? represents the energy a spring can absorb and later release the property
exploited in shock absorbers, mechanical latches and energy-storage mechanisms throughout

machine design.
U="%kx?

Design Requirements, Material Selection and Factor of Safety. Spring design begins from
the required stiffness, maximum deflection and available space, from which the wire diameter,
coil diameter and number of active coils are selected; generally in an iterative process since
these parameters interact. Spring materials commonly high-carbon or alloy spring steels
corrosion-resistant alloys where required are chosen for high yield strength combined with
good fatigue resistance, since almost all springs experience cyclic loading in service. A factor
of safety is applied against both the static shear yield stress and where loading is cyclic, the
fatigue endurance limit introduced in Section 4.9.
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Failure Criteria. Helical springs under axial load are, in effect, circular-section members
loaded predominantly in torsional shear, so their static strength is checked against a shear yield
criterion, while their fatigue life is checked against the S—N behaviour of Figure 4.11: a spring
cycling below its material's endurance limit may be designed for effectively infinite life, while
one cycling above it must be sized for a finite number of cycles. Surface defects and stress
concentration at the coil's inner fibre are particularly significant in spring fatigue and are
controlled through shot-peening and careful coiling practice.

5.8 Manufacturing and Design for Manufacturing

Casting, Forming and Machining. The mechanical components analysed throughout this
chapter must ultimately be manufactured the choice of process, compared in Table 5.9, has
direct consequences for achievable geometry, material properties, cost and lead time. Casting
produces complex shapes directly by pouring molten material into a mould is well suited to
components such as engine blocks and housings; forming processes such as forging and rolling
shape material through controlled plastic deformation, typically improving grain structure and
mechanical properties; and machining removes material by turning, milling, drilling or grinding
to achieve dimensional precision and surface finish beyond what casting or forming alone can
provide.

Table 5.9 Manufacturing Processes Comparison

Process Principle Typical Application

Castin Molten material poured into a Engine blocks, complex
g mould and solidified housings
. lled plastic def i .
Forming Cont?o edp 'ast1c deformation Shafts, structural sections
(forging, rolling)
Machining M'at'enal re'm'oval (turning, Pre(flsmn components,
milling, drilling) mating surfaces
Welding Fusion joining of two or more Fabricated frames and
parts structures
Additive Layer-by-layer deposition of Prototypes, lightweight or
manufacturing material complex-geometry parts

Welding and Additive Manufacturing. Welding fuses two or more components into a single
continuous structure, most commonly used for fabricated frames, pressure vessels and structural
assemblies too large or too infrequently produced to justify casting; its principal design concern
is the heat-affected zone adjacent to the weld, where changed microstructure can locally reduce
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strength and toughness. Additive manufacturing builds components by depositing material
layer by layer directly from a digital model while historically limited to prototyping, it is
increasingly used for production parts whose complex internal geometry lattice structures,
internal cooling channels cannot be produced by any subtractive or forming process.

Design for Manufacturability (DFM). Design for manufacturability is the practice of
considering the constraints and costs of the intended manufacturing process from the earliest
stages of design, rather than treating manufacturing as a downstream concern. Typical DFM
guidelines include minimising the number of separate parts, specifying the loosest tolerance
consistent with function, avoiding geometry that requires specialised tooling favouring standard
stock sizes and fasteners decisions that materially affect a design's ultimate cost and

manufacturability without changing its functional performance.

5.9 Dynamics and Vibration of Machines

Balancing of Rotating Systems. A rotor whose mass is not distributed symmetrically about
its axis of rotation produces a rotating centrifugal force, illustrated in Figure 5.10, given by Fc
= mew?, where m is the effective unbalance mass, e its eccentricity from the rotation axis and
o the angular velocity. Because this force grows with the square of speed, even a small
unbalance can produce large vibration, bearing loads and noise in high-speed machinery rotors
are routinely balanced by removing or adding small correcting masses to bring the residual
unbalance within limits appropriate to the machine's operating speed and precision
requirements.

Vibration Transmissibility versus

Rotating Unbalance in a Rotor Frequency Ratio
4.0

refonance = { =005

Fo=mew?

balance
ss, m

Transmissibility, T

0.0 T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Frequency ratio, r = w/wn

Figure 5.10 Rotating unbalance in a rotor the corresponding vibration transmissibility as a
function of frequency ratio.

Sources of Dynamic Loads. Beyond rotating unbalance, machines are subjected to dynamic
loading from reciprocating masses in engines and compressors, from the impact loads
associated with cams and intermittent mechanisms from external excitation transmitted through
foundations or connected equipment. Unlike the static loads considered elsewhere in this
chapter, dynamic loads must be evaluated over the full operating speed range of the machine,
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since their magnitude and critically, their frequency relative to the system's natural frequencies
determine whether they are merely a design load or a resonance hazard.

Vibration and Resonance. A machine element idealised as a mass m supported on a spring of
stiffness k vibrates freely at its natural frequency:

wn =Nk /m)

When a dynamic force is applied at a frequency close to m,, the resulting vibration amplitude
is greatly amplified relative to the applied force, a condition called resonance and visible as the
sharp peak near a frequency ratio of unity in Figure 5.10; the peak's height is controlled by the
system's damping ratio, (, with lightly damped systems (small {) exhibiting the largest and
sharpest resonance. Machine design therefore seeks either to keep operating speeds well clear
of natural frequencies or, where that is impossible, to introduce sufficient damping or isolation
to keep the resonant amplitude within acceptable limits.

5.10 Automation and Smart Mechanical Systems

Sensors and Actuators. Modern mechanical systems increasingly incorporate sensors, which
convert a physical quantity such as position, force, temperature or vibration into a measurable
electrical signal actuators, which convert an electrical, hydraulic or pneumatic control signal
back into mechanical motion or force. Together these components form the interface through
which an automated machine perceives and acts upon its environment, extending the purely
mechanical devices of earlier sections with the ability to sense and respond to changing

conditions in real time.

Control Systems and Feedback. A control system uses the signal from a sensor to adjust an
actuator so that the machine's output tracks a desired reference value, closing the loop shown
in Figure 5.11. This closed-loop, or feedback, architecture is the mechatronic generalisation of
the purely mechanical governor described in Section 5.5: where the governor senses speed and
adjusts a fuel valve through a fixed mechanical linkage, a modern control system senses a
broader range of quantities and computes its corrective action electronically, allowing far more

sophisticated and adjustable regulation of machine behaviour.

Mechatronic Closed-Loop Control System

Reference

Mechanical Output
Input ~

— Controller |— Actuator |— Plant

feedback signal
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Figure 5.11 A closed-loop mechatronic control system. reference input, controller, actuator,
mechanical plant and sensor feedback.

Mechatronics. Mechatronics is the integrated discipline combining mechanical engineering,
electronics, control theory and computing to design smart mechanical systems whose behaviour
cannot be attributed to any one of these fields alone. A mechatronic system is designed as a
whole from the outset mechanical, electronic and control elements are developed together
rather than a control system being added afterward to a purely mechanical design and this
integrated approach underlies most contemporary machinery, from domestic appliances to
industrial robots.

Robotics and Digital Manufacturing. Robotic manipulators extend the mechanism
kinematics of Sections 5.2 and 5.3 to multi-link, actuated open kinematic chains capable of
positioning a tool or workpiece with high repeatability under programmable control are now
central to automated assembly, welding and material handling. Digital manufacturing more
broadly connects design, production and quality data across a factory's machines and processes,
supporting real-time monitoring, predictive maintenance and the flexible reconfiguration of
production lines an evolution of the manufacturing processes of Section 5.8 into fully
instrumented, data-driven systems.

5.11 Mechanical System Case Studies

Gearbox. A gearbox case study applies the gear-train analysis of Section 5.4 to select the
combination of gear pairs simple, compound or epicyclic that delivers a required speed
reduction and torque multiplication within given space and efficiency constraints, followed by
shaft, key and bearing design (Section 5.6) for each gear-carrying shaft.

Automobile Transmission. A transmission case study extends the gearbox analysis to a multi-
ratio system, typically an epicyclic gear train combined with clutches or band brakes that select
the active power path, requiring the designer to verify the velocity ratio and torque capacity of

every gear ratio the transmission must provide.

Pump System. A pump case study combines shaft torsional design, bearing selection and rotor
balancing (Sections 5.6 and 5.9) with the fluid-handling requirements of the pump itself, since
the shaft must transmit driving torque reliably over long service periods while the rotating
assembly is kept within acceptable vibration limits at the pump's full operating speed range.

Robotic Mechanism. A robotic-mechanism case study applies four-bar or more general
linkage kinematics (Section 5.3) together with the actuator and control principles of Section
5.10 to design a manipulator capable of the required reach, payload and positioning accuracy,
verified through the same position, velocity and acceleration analysis introduced for the simpler
four-bar linkage.
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Industrial Machine. A general industrial-machine case study draws on the full progression of
this chapter: kinematic synthesis of the required mechanism, sizing of its gears, shafts, bearings
and springs against the loads identified, dynamic and vibration analysis of the assembled
machine, in contemporary designs, the sensors and control system needed for automated

operation.

Table 5.10 Mechanical System Case Studies: Principles Applied

Case Study Principles Applied Typical Deliverable

Gear trains, velocity ratio, shaft Speed-reduction / torque-
Gearbox ) ) e .

and bearing design multiplication unit
Automobile Epicyclic trains, clutches, multi- ~ Multi-ratio power
transmission ratio selection transmission system

Shaft torsion, bearings, rotor Reliable fluid-handling
Pump system . .

balancing machine

. . Linkage kinematics, actuators, Positioning-accurate

Robotic mechanism )

feedback control manipulator

) ) Kinematics, machine elements, Integrated mechanical

Industrial machine ) . )

dynamics, automation system design

Design Process. Across all five case studies, the same progression recurs: the required motion
is defined kinematically (Sections 5.2-5.3), the mechanical elements that will realise it are
selected and sized against load (Sections 5.4-5.7), the manufacturing route for those elements
is chosen (Section 5.8), the assembled machine is checked for dynamic and vibration behaviour
(Section 5.9), where the application demands it, sensing and control are added (Section 5.10),
following the general investigation and design process summarised in Figure 5.12.

Force / Prototype

Functional Kinematic Component P
Requirements - Synthesis - Stress - Sizin - &

1 y Analysis g Validation

Figure 5.12 A general mechanical system design and validation process.

This progression, more than any single formula, is the essential mechanical engineering method
this chapter has sought to establish: from the kinematics of a mechanism, through the sizing of
the machine elements that carry its loads, to the dynamic behaviour and increasingly, the
intelligent control of the assembled machine.
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6.1 Introduction to Fluid and Thermal Engineering

Fluid and Thermal Systems. Fluid mechanics and thermodynamics together describe how
liquids, gases and energy move through engineering equipment: fluid mechanics governs the
flow of a liquid or gas and the forces it exerts, while thermodynamics governs the heat and
work exchanged as a system's energy state changes. In practice the two are inseparable a pump
moves fluid using mechanical work, an engine converts thermal energy into mechanical work
by cycling a working fluid a heat exchanger transfers thermal energy between two flowing
streams so this chapter develops both together, from fluid statics through to complete power

and energy systems.

Engineering Applications and Energy Conversion. The analytical tools developed in this
chapter underlie an enormous range of engineering equipment: water supply and hydraulic
systems, pumps and turbines, internal combustion and gas turbine engines, steam power plants,
heat exchangers renewable energy systems. What unifies them is energy conversion the
transformation of one energy form into another, generally with some inevitable loss to friction
or waste heat captured schematically as an input, a conversion process and a useful output in
Figure 6.1, a pattern repeated at every scale from a single valve to an entire power station.

Energy Conversion Useful Losses /
Input System Output Waste Heat

Figure 6.1 The general energy conversion chain common to fluid and thermal engineering
systems.

System and Control Volume. As in Section 5.1's treatment of mechanical components, fluid
and thermal analysis begins by defining the boundary of what is being studied. A closed system
contains a fixed quantity of matter that no mass crosses, exchanging only heat and work with
its surroundings; an open system, or control volume, is instead a fixed region of space across
whose boundary mass, as well as heat and work, may flow, as shown for both cases in Figure
6.2. Most practical fluid and thermal equipment a pump, a turbine, a section of pipe is naturally

analysed as a control volume, since fluid continuously enters and leaves it in operation.
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Closed Systems and Open Systems (Control Volumes)

Closed System Open System (Control Volume)

I I Control |

| | Volume |
Fixed mass I

| (no mass crosses

|

|

|

\ |

boundary)
f—

I
l » I |mass out
I

IW (work)

Figure 6.2 A closed system, exchanging only heat and work with its surroundings an open
system (control volume), which mass also crosses.

6.2 Fluid Properties and Fluid Statics

Density, Specific Weight and Viscosity. A fluid is characterised first by its density, p, the mass
per unit volume its specific weight, Y = pg, the weight per unit volume; both quantities
determine the hydrostatic pressures and buoyancy forces treated later in this section. Viscosity,
u, measures a fluid's resistance to shear deformation the internal friction between adjacent fluid
layers moving at different velocities and is the property responsible for the friction losses
examined in Section 6.4. Table 6.1 summarises these and the remaining properties commonly

needed in fluid engineering calculations.

Table 6.1 Common Fluid Properties

Property Definition Typical SI Unit

Density, p Mass per unit volume kg/m?
Specific weight, y Weight per unit volume (y = pg) N/m?
Viscosity, [ Resistance to shear deformation Pa's

Surface tension, 6~ Force per unit length at a fluid interface ~ N/m

Fractional volume change per unit

pressure change I/Pa

Compressibility

Pressure, Surface Tension and Compressibility. Pressure is the normal force a fluid exerts
per unit area on any surface it contacts in a fluid at rest it acts equally in all directions at a given
point (Pascal's principle). Surface tension arises from molecular attraction at a liquid's free
surface and is responsible for phenomena such as capillary rise, generally negligible in large-
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scale engineering flows but significant in small passages and droplet formation.
Compressibility describes how much a fluid's volume changes under pressure; liquids are
typically treated as incompressible for engineering purposes, while gases require

compressibility to be accounted for whenever pressure changes are substantial.

Hydrostatic Pressure and Buoyancy. For a fluid at rest, pressure increases linearly with depth
below the free surface, as illustrated in Figure 6.3, since each layer of fluid must support the

weight of everything above it:
p=pgh

A body wholly or partly submerged in a fluid experiences an upward buoyancy force equal to
the weight of fluid it displaces, Archimedes' principle: FB = pfluid g Vdisplaced. Table 6.2
summarises these hydrostatic relations together with the manometer equation used to measure

pressure directly from a fluid column.

Hydrostatic Pressure and Pressure Measurement

Hydrostatic Pressure Distribution U-Tube Manometer

P1

free surface

atmosphere

h IAh

p = pgh

Figure 6.3 Hydrostatic pressure increasing linearly with depth a U-tube manometer used to
measure it.

Table 6.2 Fluid Statics Relations

Hvdrostatic pressure — ooh Pressure increases linearly with

y P P=PE depth below the free surface
Buoyancy F B=p fluidg Upward force equals the weight of
(Archimedes) V_displaced fluid displaced
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Pressure found from a measured
fluid column height

Manometer equation  p: =p_atm + pgAh

Manometers. A manometer measures pressure by balancing it against a column of fluid of
known density, most simply in the U-tube configuration shown in Figure 6.3: pressure applied
at one open end depresses the fluid in that leg and raises it in the other the resulting height
difference, Ah, is converted directly to a pressure using the manometer equation of Table 6.2.
Despite the availability of electronic pressure transducers in modern practice, the manometer
remains valuable both for its simplicity and as the physical basis for understanding what a
pressure reading actually represents.

6.3 Fluid Dynamics and Bernoulli's Equation

Fluid Flow and Continuity. Once a fluid moves, its analysis shifts from statics to dynamics,
generally idealised, as in Figure 6.4, by steady flow along smooth streamlines. For an
incompressible fluid flowing through a duct of varying cross-section, conservation of mass
requires that the volumetric flow rate the product of cross-sectional area and average velocity
remain constant along the duct:

A] Vi= A2V2

the continuity equation, which shows immediately that fluid speeds up as a duct narrows and
slows as it widens, exactly as illustrated at the constriction in Figure 6.4.

Continuity and Bernoulli's Equation: Flow Through a Constriction

1 2

| | —

Continuity: AV, =A;V,  Bernoulli: :_;-*:_; +a =§_;+‘2/_;+22

Figure 6.4 Continuity and Bernoulli's equation applied to flow through a constriction:
velocity rises and pressure falls at the narrowest section.

Momentum and the Energy Equation. Beyond conservation of mass, a flowing fluid also
obeys conservation of momentum and conservation of energy. The momentum equation relates
the net force on a control volume to the rate of change of momentum flux across its boundary
is the basis for calculating forces on pipe bends, nozzles and turbine blades. The energy equation
accounts for the mechanical energy pressure, kinetic and potential carried by the flow, together
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with any energy added by a pump or removed by a turbine and any energy lost to friction,
generalising the idealised, loss-free relation developed next.

Bernoulli's Equation. For steady, incompressible, frictionless flow along a streamline, the
energy equation reduces to Bernoulli's equation, which states that the sum of pressure head,
velocity head and elevation head is constant:

pi/pg + ViZ/2g + z1 = p2/pg + V2Y/2g + z2

Applied to the constriction of Figure 6.4, Bernoulli's equation shows that the pressure at the
narrow section, where continuity requires velocity to be highest, must be correspondingly lower
the principle underlying the venturi meter and a wide range of flow-measurement devices.
Although the idealisation of frictionless flow is never exactly true, Bernoulli's equation remains
one of the most widely used relations in fluid engineering, with the friction losses it neglects
reintroduced explicitly in Section 6.4.

6.4 Pipe Flow and Hydraulic Systems

Laminar Flow, Turbulent Flow and the Reynolds Number. Flow through a pipe occurs in
one of two distinct regimes, contrasted in Figure 6.5: laminar flow, in which fluid moves in
smooth, orderly layers with a parabolic velocity profile turbulent flow, in which chaotic eddies
mix fluid across the pipe and produce a flatter, fuller velocity profile. Which regime occurs is

predicted by the dimensionless Reynolds number:
Re =pVD /u

Flow 1n a pipe is generally laminar for Re below about 2300 and turbulent above about 4000,
with a transitional regime in between; Table 6.3 compares the two regimes' characteristics,
including their markedly different friction behaviour.

Laminar and Turbulent Energy and Hydraulic Grade
Velocity Profiles Lines Along a Pipe

—e— Energy grade line (EGL)
—a— Hydraulic grade line (HGL)

1.0

0.5+

N
/

Radial position, r/R

— Laminar (p iy @ O

= Turbulent (flatter) valve elbow

T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
Velocity, u/Umax

Figure 6.5 Laminar and turbulent velocity profiles the energy and hydraulic grade lines
along a pipe fitted with a valve and an elbow.

Table 6.3 Laminar versus Turbulent Flow
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Characteristic Turbulent

Reynolds number (typical

. Re <2300 Re > 4000
pipe flow)
) . Flatter, with random

Velocity profile Smooth and parabolic Auctuations

.. _ Found empirically (Moody
Friction factor f=64/Re chart, Colebrook equation)

Layers slide past one

Mixing another; minimal Strong transverse mixing

mixing

Friction Losses and Minor Losses. As real flow moves along a pipe, friction between the
fluid and the pipe wall steadily dissipates mechanical energy, appearing as a continuous drop
in the energy grade line plotted in Figure 6.5 and quantified by the Darcy—Weisbach equation,
hf = f(L/D)(V?%2g), where f is the friction factor of Table 6.3. Fittings such as valves, elbows
and sudden changes in cross-section introduce additional, localised minor losses, each
expressed as hminor = K(V#2g) with a loss coefficient, K, characteristic of the fitting, as

summarised for several common cases in Table 6.4.

Table 6.4 Minor Loss Coefficients for Common Fittings

Fitting Approximate Loss Coefficient, K

Sharp-edged entrance 0.5
Gate valve (fully open) 0.2
90° standard elbow 0.9
Sudden expansion (1 —A/A2)?
Exit to a reservoir 1.0

Pipe Networks. Real hydraulic systems typically comprise networks of pipes in series and
parallel rather than a single run their analysis extends the friction and minor loss relations above
to each branch, combined with continuity at every junction and the requirement that pressure
drop be consistent around every closed loop. Such networks are generally solved iteratively by
hand using the Hardy Cross method historically, or routinely by computer today but the
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underlying physics at each pipe segment is exactly the friction and minor loss analysis
developed above.

6.5 Pumps and Hydraulic Machines

Centrifugal and Reciprocating Pumps. A pump adds mechanical energy to a fluid, raising
its pressure and enabling it to overcome elevation and friction losses. The centrifugal pump,
illustrated in Figure 6.6, draws fluid into a rotating impeller that imparts kinetic energy through
centrifugal action, subsequently converted to pressure as the fluid decelerates in the surrounding
volute; it is the most common pump type for general liquid transport at moderate head. The
reciprocating pump instead displaces a fixed volume of fluid with each stroke of a piston or
plunger, though mechanically more complex, delivers a nearly constant flow rate largely
independent of discharge pressure, well suited to high-pressure, low-flow and precise metering

duties.
Centrifugal Pump: Impeller Centrifugal Pump
and Flow Paths Performance Curves
100
] discharge
(outlet)

9
T oy
ti ; S
{iniet) " 2 9
— % _g
5

0.2 4 20

= Head, H

==« Efficiency, n
0.0 T T T T 0
0.0 0.2 0.4 0.6 0.8 1.0

Flow rate, Q

Figure 6.6 A centrifugal pump impeller typical head and efficiency performance curves as a
Sfunction of flow rate.

Hydraulic Turbines. Where a pump adds energy to a fluid, a turbine extracts it, converting
the fluid's pressure and kinetic energy into shaft work most familiarly in hydropower
generation. Reaction turbines, such as the Francis and Kaplan types, remain fully immersed in
the flow and extract energy from both pressure and velocity changes across the runner, suiting
low-to-medium head sites; impulse turbines, such as the Pelton wheel, instead convert all
available head into the kinetic energy of a high-velocity jet at atmospheric pressure before it
strikes the runner buckets, suiting high-head, comparatively low-flow sites. Table 6.5 compares
these hydraulic machine types.
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Table 6.5 Pump and Hydraulic Machine Types

Machine Type Operating Principle Typical Application

Impeller imparts kinetic energy, General liquid transport,
converted to pressure in the volute moderate head

Centrifugal pump

Reciprocating pump Piston or plunger displaces a fixed High-pressure, low-

volume per stroke flow, metering duties
. . Fluid pressure and velocity both Hydropower at low-to-
Reaction turbine mep Y yerop
drive a submerged runner medium head

A high-velocity jet strikes runner Hydropower at high

Impulse turbine :
P buckets at atmospheric pressure head, lower flow

Performance and Efficiency. A pump or turbine's performance is characterised by curves
relating head, flow rate and efficiency, as plotted for a centrifugal pump in Figure 6.6: head
generally falls as flow rate increases, while efficiency rises to a peak the machine's best
efficiency point before falling again. Overall efficiency is the ratio of useful hydraulic power
delivered to the fluid (or extracted from it, for a turbine) to the shaft power supplied (or
produced), n = pgQH / Pshaft selecting a machine whose best efficiency point coincides with
the system's normal operating flow rate is a central objective of pump and turbine selection.

6.6 Fundamentals of Thermodynamics

Thermodynamic Systems and Properties. Thermodynamics analyses the same closed and
open systems introduced in Section 6.1, now tracking their energy content and how it changes
through heat and work interactions. A system's state is described by its properties quantities
such as pressure, temperature, volume and internal energy that depend only on the current state
and not on how that state was reached distinguishing them from heat and work, which are path-
dependent quantities defined only during a process, not possessed by a system at an instant.

Temperature, Pressure, Heat and Work. Temperature indicates the direction of spontaneous
heat flow, always from a higher-temperature body to a lower-temperature one pressure and
temperature together fix the thermodynamic state of a simple compressible substance. Heat, Q,
is energy transferred between a system and its surroundings solely because of a temperature
difference, while work, W, is energy transferred by any other means most commonly, for the
piston-cylinder system of Figure 6.7, the boundary work done as a system's volume changes
against an external pressure, equal to the area beneath the process curve on a pressure—volume

diagram.
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Closed-System First Law: Boundary Work as the
Piston-Cylinder Area Under a p-V Curve
T W (boundary work)
I o
| 5 ,
5 i
a :
gas o i
y (system) | !
Q (heat in) i 1
neat in : W _ J'pdv :
Va Volume, V Vs

Figure 6.7 A closed-system piston-cylinder exchanging heat and boundary work boundary
work as the area under a p—V process curve.

The First Law of Thermodynamics. The first law of thermodynamics is a statement of
conservation of energy applied to a thermodynamic system: the net heat added to a closed

system, less the net work it does, equals the change in its internal energy:
AU=Q-W

This single relation, applied with the appropriate constraint for a given process, underlies the
analysis of every device in this chapter, from a piston-cylinder engine to a complete power
plant. Table 6.6 shows how it specialises for several standard processes, each defined by holding
one property constant.

Table 6.6 Thermodynamic Processes and First Law Forms

Isochoric (constant volume) V= constant Q = AU (no boundary work)
Isobaric (constant pressure)  p = constant Q=AU +pAV

Isothermal (constant T = constant AU = 0 for an ideal gas; Q =W
temperature)

Adiabatic (no heat transfer) Q=0 AU =-W

6.7 Second Law and Entropy

Reversible Processes and Irreversibility. The first law places no restriction on the direction
in which a process may proceed, yet everyday experience shows that heat flows spontaneously
only from hot to cold that real processes cannot be perfectly undone. A reversible process is an
idealised limit in which a system and its surroundings can be restored to their initial states with
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no net effect elsewhere; every real process is irreversible to some degree, through friction,
unrestrained expansion, heat transfer across a finite temperature difference, or similar effects
this irreversibility is precisely what the second law of thermodynamics quantifies.

The Second Law and Entropy. The second law asserts that the total entropy of an isolated
system can never decrease it increases for any real, irreversible process and remains constant
only in the idealised reversible limit:

A5>Q/T
Entropy, S, may be understood as a measure of a system's disorder or, equivalently, of the energy
within it that is no longer available to do useful work. The second law's practical consequence
is that no engine can convert heat entirely into work no refrigeration or heat-pump cycle can
move heat from cold to hot without a net input of work constraints with no counterpart in the
first law alone.

The Carnot Cycle and Energy Quality. The Carnot cycle, shown on pressure—volume and
temperature—entropy coordinates in Figure 6.8, is the idealised reversible cycle operating
between a single hot reservoir at TH and a single cold reservoir at TC, comprising two reversible
isothermal processes and two reversible adiabatic processes. Its efficiency depends only on the
two reservoir temperatures,

n Carnot=1—-T C/T H
and represents the theoretical maximum efficiency achievable by any heat engine operating
between those temperatures a benchmark against which the real cycles of Section 6.8 are
judged. This result also illustrates energy quality: energy available at a higher temperature can,
in principle, be converted to work more efficiently than the same quantity of energy available
at a lower temperature.

The Carnot Cycle: Two Reversible Isotherms and Two Reversible Adiabats

Carnot Cycle: p-V Diagram Carnot Cycle: T-s Diagram
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1 T 2
K Usothg,
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Figure 6.8 The Carnot cycle on p—V and T-s coordinates: two reversible isotherms connected
by two reversible adiabats.



Engineering Nexus [IECHNNN

6.8 Thermodynamic Cycles

Otto and Diesel Cycles. Real power-producing devices operate on thermodynamic cycles that
approximate, but never reach, the Carnot ideal. The Otto cycle, shown in Figure 6.9, is the air-
standard idealisation of the spark-ignition petrol engine, comprising isentropic compression,
constant-volume heat addition (combustion), isentropic expansion and constant-volume heat
rejection; its efficiency rises with compression ratio, n = 1 — 1/t*(y—1). The Diesel cycle
idealises the compression-ignition engine and differs only in that heat addition occurs at
constant pressure rather than constant volume, permitting the higher compression ratios
characteristic of diesel engines.

Idealised Air-Standard and Vapour Power Cycles

Otto Cycle (spark-ignition) Diesel Cycle (compression-ignition)
a o
\ Vv
Brayton Cycle (gas turbine) Rankine Cycle (steam power)

v

Figure 6.9 The four idealised power cycles: Otto, Diesel, Brayton (air-standard) and Rankine
(vapour).

Brayton and Rankine Cycles. The Brayton cycle idealises the gas turbine, comprising
isentropic compression, constant-pressure heat addition, isentropic expansion through the
turbine and constant-pressure heat rejection underlies both aircraft jet engines and stationary
gas-turbine power generation. The Rankine cycle idealises the steam power plant and, unlike
the three preceding air-standard cycles, explicitly involves a change of phase: water is pumped
to high pressure, boiled and superheated at constant pressure, expanded through a turbine
condensed back to liquid at constant pressure, tracing the characteristic path beneath the vapour
dome shown in Figure 6.9.

Performance Comparison. Table 6.7 compares the four cycles' defining processes and typical
applications; each represents a different engineering trade-off among efficiency, power density,
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fuel flexibility and mechanical complexity the choice among them in a given application
depends on the available fuel, the required power output and scale whether continuous rotary
power (Brayton, Rankine) or reciprocating power (Otto, Diesel) better suits the intended use.

Table 6.7 Thermodynamic Cycle Comparison

Cycle Idealised Processes Typical Application

Spark-ignition (petrol)

Otto 2 isentropic + 2 constant-volume :
engines
Diesel 2 isentropic + 1 constant-pressure + 1 Compression-ignition
constant-volume (diesel) engines
Brayton 2 isentropic + 2 constant-pressure Gas turbines, jet engines

2 isentropic + 2 constant-pressure, with

phase change Steam power plants

Rankine

6.9 Heat Transfer

Conduction, Convection and Radiation. Heat moves between systems, or within them, by
three distinct mechanisms, illustrated in Figure 6.10 and compared in Table 6.8. Conduction
transfers heat through direct molecular interaction within a solid or stationary fluid, governed
by Fourier's law; convection transfers heat between a solid surface and a moving fluid, governed
by Newton's law of cooling with a convective heat transfer coefficient, h, that depends on the
fluid and the flow conditions; and radiation transfers heat via electromagnetic waves, requiring
no medium at all and governed by the Stefan—Boltzmann law, making it the dominant

mechanism at high temperature or across a vacuum.

The Three Modes of Heat Transfer

Conduction Convection Radiation
q = —kA(dT/dx) q = hA(T, - T.) q = £CAT*
fluid flow, T
T, = + + + # 1> T I ™~ ol
- —
[ ] Pant

solid (T1 > Tz) hot surface, T- hot body, T (K)

Figure 6.10 The three modes of heat transfer: conduction, convection and radiation.

Table 6.8 Heat Transfer Modes
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Mode Governing Law Requires a Medium?

Conduction  Fourier's law, q = —kA(dT/dx) Yes solid or stationary fluid
Convection Newton's law of cooling, ¢ = hAAT Yes fluid in motion

Radiation Stefan—Boltzmann law, q = ecAT*  No travels through a vacuum

Heat Exchangers. A heat exchanger transfers heat between two fluid streams at different
temperatures without allowing them to mix its performance depends strongly on the
arrangement of the two flows. In a parallel-flow exchanger, both streams enter at the same end
and flow in the same direction, so their temperature difference and hence the local heat transfer
rate is greatest at the inlet and falls continuously along the exchanger, as plotted in Figure 6.11.
In a counterflow exchanger, the streams enter at opposite ends and flow in opposite directions,
maintaining a more uniform temperature difference along the entire length and, as a result,
achieving a higher overall heat transfer for a given exchanger size the reason counterflow is
generally preferred in practice.

Temperature Profiles in Parallel-Flow and Counterflow Heat Exchangers

= Hot flud == Cold fluid

Parallel-Flow Arrangement Counterflow Arrangement

\

Temperature

T T T T T T T T
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10
Position along exchanger Position along exchanger

Figure 6.11 Temperature profiles along parallel-flow and counterflow heat exchangers.

Thermal Insulation. Thermal insulation reduces unwanted heat transfer, generally by
conduction, by interposing a material of low thermal conductivity between two regions at
different temperature. Selecting and sizing insulation is a straightforward application of
Fourier's law, balancing the capital cost of additional insulation thickness against the value of
the energy it saves over the equipment's service life a calculation central to building envelope
design, industrial piping and the thermal insulation of the power equipment discussed in
Sections 6.8 and 6.10.

6.10 Power and Energy Systems

IC Engines, Gas Turbines and Steam Systems. The thermodynamic cycles of Section 6.8 are
realised in practice as complete power and energy systems, compared in Table 6.9. Internal
combustion engines, running the Otto or Diesel cycle, remain the dominant choice for
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automotive and small-scale distributed power due to their high power-to-weight ratio and fuel
flexibility. Gas turbines, running the Brayton cycle, dominate aviation propulsion and are
widely used for peaking and mid-merit electrical power thanks to their fast start-up and high
power density. Steam power systems, running the Rankine cycle, remain the backbone of large
baseload electricity generation, whether fuelled by fossil fuel, biomass or nuclear heat.

Table 6.9 Power and Energy System Comparison

Working Fluid / Cycle Typical Application

Internal combustion Air-fuel mixture; Otto or Automotive and small-scale
engine Diesel cycle power
) ) Aviation propulsion, peakin
Gas turbine Air; Brayton cycle Prop P £
power plants
Steam power system Water/steam; Rankine cycle  Large baseload power plants

Gas turbine plus a Rankine ~ High-efficiency utility-scale

Combined-cycle plant bottoming cycle power

Combined Systems. A combined-cycle power plant, shown in Figure 6.12, couples a Brayton-
cycle gas turbine with a Rankine-cycle steam turbine, recovering the gas turbine's still-hot
exhaust in a heat recovery steam generator to raise steam for the second turbine rather than
rejecting that heat directly to the environment. Because the same fuel energy is effectively used
twice, once in each cycle, combined-cycle plants achieve substantially higher overall efficiency
than either cycle alone an instructive large-scale application of the second-law reasoning
introduced in Section 6.7, since the gas turbine's rejected heat, still well above ambient
temperature, retains real capacity to do further useful work.
Combined-Cycle Power Plant: Gas Turbine and Steam Turbine in Series

hot exhaust gas recovers
additional steam energy

I

Air + Gas Heat Recovery Steam
Fuel In Turbine Steam Generator Turbine

generator 1 generator 2

— Grid

Figure 6.12 A combined-cycle power plant: a Brayton-cycle gas turbine and a Rankine-cycle
steam turbine in series.

6.11 Renewable Energy and Sustainability

Solar, Wind and Hydropower. Renewable energy sources convert naturally replenished
energy flows into useful heat or electricity without the depleting fuel consumption of the
systems in Section 6.10. Solar energy is captured either photovoltaically, converting sunlight
directly to electricity, or thermally, using the heat transfer principles of Section 6.9 to heat a
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working fluid. Wind energy extracts the kinetic energy of moving air using turbine blades
operating on aerodynamic principles related to those governing the flow analysis of Sections
6.3 and 6.4. Hydropower applies the turbine principles of Section 6.5 directly, extracting the
potential and kinetic energy of falling or flowing water.

Biomass and Geothermal. Biomass energy releases the chemical energy stored in organic
matter, either through direct combustion, broadly similar to the fuel combustion in Section
6.10's power systems, or through biochemical conversion into liquid or gaseous biofuels.
Geothermal energy instead draws directly on the heat stored within the Earth's crust, either for
direct heating applications or, where temperatures are sufficiently high, to raise steam for a
Rankine-cycle power plant essentially identical in principle to the fossil-fuelled systems of
Section 6.10.

Table 6.10 Renewable Energy Sources Comparison

Source Conversion Principle Typical Application
Solar (PV or Photovoltaic effect, or solar-thermal  Distributed and utility-
thermal) collection scale electricity/heat

Kinetic energy of moving air captured Utility-scale and

Wind by turbine blades distributed electricity
Potential/kinetic energy of falling or Baseload and
Hydropower . . .
flowing water dispatchable electricity
. Combustion or biochemical Heat, electricity
Biomass . ) )
conversion of organic matter biofuels
Geothermal Heat extracted from the Earth's crust Direct heating and

electricity generation

Energy Storage, Efficiency and Waste Heat Recovery. Because solar and wind output vary
with weather and time of day, energy storage batteries, pumped hydro other technologies is
increasingly essential to matching variable renewable supply with demand. Energy efficiency
measures, from the insulation of Section 6.9 to high-efficiency motors and drives, reduce the
energy required to deliver a given service in the first place, often the most cost-effective
sustainability measure available. Waste heat recovery, exemplified by the combined-cycle
arrangement of Section 6.10, captures thermal energy that would otherwise be rejected to the
environment and puts it to further useful purpose.

Carbon Emissions. Combustion-based power and energy systems release carbon dioxide and
other emissions in proportion to the carbon content of the fuel consumed and the efficiency with
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which that fuel's energy is converted to useful output, directly connecting the thermodynamic
efficiency of Sections 6.7-6.8 to a system's environmental footprint. This connection is a
principal driver behind combined-cycle adoption, efficiency measures and the renewable
sources compared in Table 6.10, all of which reduce emissions either by improving how

efficiently fuel energy is converted or by displacing fuel combustion altogether.

6.12 Thermal and Fluid Case Studies

Pumping System. A pumping-system case study applies the pipe-flow and loss analysis of
Section 6.4 to determine the total head a pump must supply, then selects a pump from the
performance curves of Section 6.5 whose best efficiency point matches the resulting operating
point.

Solar Thermal System. A solar thermal case study applies the radiation heat transfer of
Section 6.9 to size a collector for a required heat duty, combined with the energy storage

considerations of Section 6.11 to match variable solar input with a steadier heating demand.

Heat Exchanger. A heat exchanger case study applies the conduction and convection relations
of Section 6.9 together with the parallel-flow or counterflow arrangement of Figure 6.11 to size

an exchanger meeting a specified heat-transfer duty within an allowable pressure drop.

Power Plant. A power-plant case study applies the thermodynamic cycle analysis of Sections
6.7-6.8 to an integrated set of components compressor or pump, combustor or boiler, turbine
and condenser or heat exchanger evaluating overall cycle efficiency and the sizing of each

component in turn.

HVAC System. A heating, ventilation and air-conditioning (HVAC) case study combines the
heat transfer principles of Section 6.9 with the fluid flow analysis of Sections 6.3—6.4 to size
the ducting, fans and heat exchange equipment needed to maintain a building's required

temperature and air quality.

Table 6.11 Thermal and Fluid Case Studies: Principles Applied

Case Study Principles Applied Typical Deliverable

. Pipe flow, friction and minor Correctly sized pump and
Pumping system .
losses, pump performance pipeline
Solar thermal Radiation heat transfer, energy Sized solar collector and

system storage storage system
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Case Study Principles Applied Typical Deliverable

Conduction/convection, flow Heat exchanger sized to a
Heat exchanger :
arrangement specified duty
Power plant Thermodyngmlc cyf:le analysis, Cyc'le efﬁcgns:y and
component integration equipment sizing
. Building
HVAC system Heat transfer., fluid flow, heating/cooling/ventilation
psychrometrics design

Design Process. Across all five case studies, the same progression recurs: the required duty is
defined a flow rate, a heat load, a power output the relevant fluid or thermodynamic analysis
from earlier sections is applied to size the equipment the resulting design is checked against
efficiency, cost and, increasingly, emissions criteria, following the general investigation process

summarised in Figure 6.13.

Fluid / Effici
Define u1 Component D Final
Dut —| Thermal )= Sizin - & - Design
¥ Analysis & Cost Check g

Figure 6.13 A general fluid and thermal system design and verification process.

This progression, more than any single formula, is the essential fluid and thermal engineering
method this chapter has sought to establish: from the properties of a fluid at rest, through its
motion and the energy exchanged as it flows, to the complete power and energy systems that
put these principles to productive increasingly sustainable use.
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7.1 Integrated Engineering Design

Problem identification and requirements. Every engineering design begins not with an
equation but with a clearly stated need: a river must be crossed, a load must be lifted, a building
must survive an earthquake, a home must be supplied with hot water. Problem identification
converts a vague need into a specific engineering objective and requirements translate that
objective into the functional demands the finished design must satisfy: the span to be crossed,
the load to be lifted, the flow rate to be delivered and the temperature rise to be achieved.

Specifications and concept generation. Specifications sharpen requirements into measurable
targets (a maximum deflection, a minimum factor of safety, a target efficiency, a maximum unit
cost) against which any candidate design can be judged. Concept generation then produces
several distinct ways of meeting those specifications, drawing on the physical principles of
Chapter II and the mechanical, structural, fluid and thermal building blocks developed in
Chapters III through VI, before the most promising concept is selected for detailed
development.

Mathematical modelling, analysis and prototyping. Once a concept is selected, it is
expressed as a mathematical model using the tools of Chapter I (governing equations, boundary
conditions and the idealising assumptions discussed in Section 1.10) and this model is analysed,
by hand or computationally, to predict how the design will behave under load. A prototype,
physical or simulated, is then built so that the predictions of the model can be checked against
reality before the design is committed to full-scale production.

Testing and optimisation. Testing exposes the prototype to representative operating
conditions and measures its actual response, closing the loop between prediction and
performance; any discrepancy between the two is used to refine the model, the design, or both.
Optimisation, guided by the calculus of Section 1.3, then adjusts the free parameters of the
design (a beam depth, a gear ratio, a collector area) to meet every specification at minimum
weight, cost, or energy consumption. This nine-step cycle, problem, requirements,
specification, concept, model, analysis, prototype, test and optimisation, is the design process
applied, explicitly, in every case study of this chapter.
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Iteration in practice. In practice the cycle is rarely traversed once. Section 7.3 illustrates this
directly: a trial steel section is first checked against the strength specification, found
acceptableand only then checked against the separate serviceability specification of limiting
deflection, a check that in general practice often forces a return to the concept-selection or
mathematical-modelling step with a revised trial section. Recognising, in advance, that a design
specification has multiple independent requirements, strength, stiffness, cost and safety among
them and that each may govern in a different regime, is itself one of the central skills that
integrated engineering design is intended to develop.

1. Problem . T
identification —b 2. Requirements —> 3. Specifications
v
) 5. Mathematical 4. Concept
6. Analysis ¢ modelling ¢ generation

f

iterate

v

7. Prototype —> 8. Testing —> 9. Optimisation —_—

Figure 7.1. The integrated engineering design process, with the feedback loop that returns
testing and optimisation results to the modelling step.

7.2 Mathematics—Physics—Engineering Connection

The six chapters preceding this one were not independent subjects; they were successive layers
of a single analytical structure and this chapter exists to show that structure at work on complete
engineering problems.

Mathematical models. Chapter I supplied the language in which every subsequent chapter
was written: the calculus used to relate force, stress and deflection; the differential equations
used to describe vibration, heat flow and transient response; the linear algebra used to solve
indeterminate structures and characterise vibration modes; and the statistics used to describe
material variability and measurement uncertainty.

Physical laws and engineering assumptions. Chapter II supplied the physical laws, Newton's
laws of motion, the laws of thermodynamics, the laws of fluid statics and electromagnetism,
that every mathematical model ultimately expresses, while Chapters III through VI supplied the
engineering assumptions, rigid-body idealisation, linear elasticity, incompressible flow, lumped
thermal capacitance, by which those general physical laws are narrowed into a tractable model
of one particular component or system.
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Computational analysis and experimental validation. Where a model becomes too complex
for the closed-form methods of Chapters I through VI, Section 7.7 extends the numerical
methods of Section 1.9 into the computational tools, finite-element, computational-fluid-
dynamics and simulation software, used throughout modern practice; and no model, however
elegant, is accepted in engineering practice until it has been checked against experimental
measurement, closing the same model—test loop introduced in Section 7.1. The case studies that
follow, a bridge, a machine, a pumping system and a solar heater, are chosen precisely because
each one requires mathematics, physics and at least one applied-engineering chapter working
together and each is developed far enough to show genuine numbers passing through genuine

equations.
Footbridge girder (7.3) L, 1L, IV Beam bending, deflection, integral calculus
Power transmission (7.4) I, III, V Torsion, gearing, bearing life
Pumping system (7.5) L VI Bernoulli's equation, Darcy—Weisbach,
pump power
Solar water heater (7.6) L, II, VI Heat balance, lumped thermal capacitance

Table 7.1. Contribution of earlier chapters to each case study.

7.3 Integrated Structural Case Study: A Small Pedestrian Bridge

Problem definition. A pedestrian footbridge of span L = 10 m and deck width 2 m is to be
supported on two parallel simply supported steel girders spaced 2 m apart, carrying a
reinforced-concrete deck slab. The design must establish the bending stress and deflection in
each girder under combined dead and live load, drawing directly on the beam theory of Chapters
I and IV.

Load estimation. The deck self-weight and finishes are taken as a dead load of 4 kN/m? and
the pedestrian live load, per typical footbridge loading codes, as 5 kN/m? giving a total
distributed load of 9 kN/m? of deck. Since the two girders share the deck equally, each girder
carries a uniformly distributed load

w = 9 kN/m? x (2 m width + 2 girders) = 9 kN/m per girder

Force analysis. Treating each girder as a simply supported beam of span L = 10 m, the
maximum bending moment, occurring at mid-span, follows from the beam relation introduced
in Section 1.3:

M=wL¥8 = (9 x10°)/8 = 112.5 kN-m
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w = 9 kN/m (uniformly distributed load)

[T T
2

RA = 45 kN RB = 45 kN
L=10m

< 5

Figure 7.2. Loading diagram for one girder of the simply supported footbridge.

Material selection and stress check. A standard rolled steel I-section (ISMB 450, of grade Fe
410) is selected as a trial girder, with tabulated section modulus Z =~ 1350 ¢cm® and second
moment of area /=~ 30 390 cm*. The maximum bending stress is

o=M/Z=112.5x10°N-m/1350x10°m* = §3.3 MPa

Against a yield stress of 250 MPa and a working allowable stress of roughly 150 MPa (factor
of safety = 1.67, per Section 7.10), the utilisation ratio is 83.3/150 = 0.56 and the implied factor
of safety against yield is 250/83.3 = 3.0, a comfortable and typical margin for a pedestrian
structure.

Deformation check. Bending stress alone rarely governs footbridge design; serviceability, in
the form of limiting deflection, usually does. The mid-span deflection of a simply supported
beam under uniform load, from Section 1.5, is

0 = SwL*/ (384ED) = 5(9000)(10%) / (384 x 200x10° x 3.039x107%) = 19.3 mm

Against a typical serviceability limit of L/300 = 10 000/300 = 33.3 mm, the predicted deflection
of 19.3 mm satisfies the limit with margin, confirming that the ISMB 450 section, once checked
for both strength and stiffness, is an adequate trial choice.

Shear check at the supports. Bending is not the only demand on the girder; the support
reaction and the shear force it produces at the ends of the span, must also be checked. Each
support carries a reaction of R = wL/2 =9 x 10/2 =45 kN, equal to the maximum shear force
V. Approximating the shear stress as carried entirely by the web, of depth 450 mm and thickness
9.4 mm for the ISMB 450 (web area Aw = 4.23x107 m?), the average shear stress is

T=V/Aw =45 000/4.23x1073= 10.6 MPa

which is far below the allowable shear stress of approximately 90 MPa for Fe 410 steel,
confirming that shear does not govern this design and that bending and deflection, checked
above, are correctly identified as the controlling limit states.

Safety and sustainability. A full design would additionally check web buckling, lateral-
torsional stability, fatigue under repeated pedestrian loading and corrosion protection over the
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structure's service life, applying the failure-mode and reliability concepts of Section 7.10. From
a sustainability standpoint, specifying structural steel with recycled content, a durable
protective coating system to extend maintenance-free life and a bolted rather than welded
connection detail to simplify eventual disassembly and material recovery, are all design choices
consistent with the life-cycle thinking developed in Section 7.9.

7.4 Integrated Mechanical Case Study: A Power Transmission System

Problem definition. A 15 kW electric motor running at 1440 rpm is to drive a machine
requiring an output speed of 480 rpm, a 3:1 reduction, through a single spur-gear pair, a shaft
and a pair of rolling-element bearings. The task is to size the input shaft, select the gear
proportions and select a bearing, applying the torsion, gearing and machine-design relationships
of Chapter V together with the calculus of Chapter 1.

Power, torque and shaft sizing. The torque delivered by the motor to the input shaft follows
from the standard power—torque relation:

T=Px60/2aN) = (15000 x 60) / (2x * 1440) = 99.5 N'm

Sizing the shaft in pure torsion, with an allowable shear stress of 7z =40 MPa for a keyed steel
shaft, the torsion equation of Chapter III gives the required diameter:

T=@l16)td® = d=/[I6T/(x)]N1/3)=[16(99.5)/ (x x 40x109](1/3) = 23.3 mm

rounded up to a standard shaft diameter of 25 mm to allow for the keyway stress concentration
and a margin for combined bending—torsion loading in service.

Service factor and starting torque. The rated torque computed above assumes smooth,
continuous operation; in service, motors deliver a starting torque of roughly twice the rated
value and the driven machine itself may impose moderate shock loading. Design codes address
this through a service factor, here taken as SF' = 1.5 for moderately shock-loaded machinery,
giving a design torque of 7design = 1.5 X 99.5 = 149.3 N-m. Repeating the torsion sizing
calculation with this design torque gives a required diameter of

d=[16(149.3)/ (x x 40x109]1/3) = 26.7 mm

which raises the practical shaft selection to a standard 30 mm diameter, illustrating why service
factors, not just steady-state rated values, govern real machine-design practice.

Gear selection. A module m =4 mm spur-gear pair with pinion teeth zi: = 20 and gear teeth z»
= 60 gives the required 3:1 ratio, with pitch diameters di = mz: = 80 mm and d> = mz: = 240
mm and a centre distance of (di + d2)/2 = 160 mm. The tangential force transmitted at the pitch
line, which governs both gear-tooth bending stress and the radial load carried by the shaft
bearings, is

Fi=2T/di=2(99.5) /0.080 = 2.49 kN
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Bearing selection. Taking the resultant radial load on each bearing as approximately 2.5 kN
and specifying a design life of Lio =20 000 hours at 1440 rpm, the required life in millions of
revolutions is Lio = (1440 % 60 x 20 000)/10° = 1728 million revolutions. The basic dynamic
load rating required of the bearing follows from the standard ball-bearing life equation:

Lio=(C/P)* = C=P xLi1/3)=2.5x1728N1/3) = 2.5 x 12 = 30 kN

A medium-series deep-groove ball bearing with a catalogue dynamic capacity comfortably
above 30 kN (for example, a 6309-series bearing) would be selected, with final choice
confirmed against the manufacturer's catalogue and any additional axial or shock-load
allowances.

Efficiency. Allowing a gear-mesh efficiency of 97 percent and a combined bearing efficiency
of 98 percent, the overall drivetrain efficiency is # = 0.97 % 0.98 = 0.95, so that of the 15 kW
supplied by the motor, approximately 14.25 kW reaches the output shaft at 480 rpm, a loss that
must be accounted for both in the thermal rating of the gearbox and in the energy-cost analysis
of Section 7.11.

3:1 spur-gear reduction (m = 4 mm)

Electric motor Input shaft
15 kW, 1440 rpm @ 25-30 mm

Driven
machine
480 rpm

Qutput shaft
bearings (30 kN) a

Figure 7.3. Block diagram of the power-transmission drivetrain.

7.5 Integrated Fluid System Case Study: A Water Pumping System

Problem definition. Water is to be pumped from a sump to an elevated storage tank through
60 m of 100 mm diameter pipe, against a static lift of 15 m, at a design flow rate of 10 litres per
second, applying the pipe-flow and pump relationships of Chapter VI.
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Motor + pump input power = 2.73 kW

Overhead tank

flow, Q =10 L/s Hs =15m
® 100 mm, L = 60 (static lift)

- @

Figure 7.4. Schematic of the water pumping system.

Flow velocity and friction loss. The mean velocity in the pipe follows from continuity, v =
Q/A, with cross-sectional area 4 = (1/4)(0.1)*> = 7.854x1073 m?, giving v = 0.01/7.854x1073 =
1.27 m/s, a value well within the range that keeps friction losses and pipe erosion modest.
Taking a representative Darcy friction factor f = 0.02 for a commercial steel pipe at this
Reynolds number, the major head loss from the Darcy—Weisbach equation is

W= f(L/d)(v¥/2g) = 0.02 x (60/0.1) x (1.27%/19.62) = 1.0 m

to which an estimated 1.5 m of minor losses (entrance, bends, valves and discharge) is added,
giving a total head of

H=Hs + hf+ hminor =15+ 1.0+ 1.5=175m
Pump power and selection. The hydraulic power the pump must deliver to the water is
Phyd = pgOQH = 1000 x 9.81 < 0.01 x 17.5=1.72 kW

Assuming a pump efficiency of 70 percent and a motor efficiency of 90 percent, the electrical
input power required is Phyd /(0.70 x 0.90) = 2.73 kW, indicating that a standard 3 kW (4 hp)
motor—pump set provides an appropriate margin above the calculated duty point.

Suction-side check. Beyond delivery-side power, the suction side of the installation must be
checked to avoid cavitation. The net positive suction head available, NPSHa, compares the local
atmospheric pressure head (=10.3 m at sea level) against the vapour pressure head of water at
the operating temperature (=0.24 m at 20 °C), the static suction lift and the suction-side friction
loss:

NPSHa =ha —hvp —hs — hf,s =10.3 —0.24 —3.0—03=6.8m
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For a pump with a manufacturer-quoted required NPSHr of, typically, 2 to 3 m at this flow rate,
the available margin of roughly 4 m confirms that the pump will operate free of cavitation, an
essential check whenever a centrifugal pump draws water from below its own centreline, as in
this sump installation.

Energy consumption. If the system operates 4 hours per day to meet the tank's daily demand,
the daily electrical energy consumption is approximately 2.73 kW x 4 h = 10.9 kWh, a figure
carried forward into the economic comparison of Section 7.11 and into the efficiency and
sustainability discussion of Section 7.9.

7.6 Integrated Thermal Case Study: A Solar-Assisted Water Heating System

Problem definition. A flat-plate solar collector of area Ac = 4 m? is to preheat 200 litres of
water per day from 25 °C to 55 °C, drawing on the heat-transfer and thermodynamic
relationships of Chapter VL.

\ [/

»

at-plate hat water
collectg out (55 °C)
Ac—e=T]

Insulated
storage tank
200 L

cold water /

(25 °C) Auxiliary
heater (2 kW)

Figure 7.5. Schematic of the solar-assisted water heating system.

Useful heat collection. Under an average solar insolation of 800 W/m? and a collector
efficiency of 55 percent, the useful heat collection rate is

Ou=ncldc=0.55x800x4=1760 W= 1.76 kW

Energy demand and collection time. The energy required to raise the temperature of 200 kg
of water by 30 °C, using the specific heat capacity of water, ¢ = 4186 J/kg-K, from Section
1.10's lumped thermal model, is

QOreq = mcAT =200 x 4186 x 30=25.1 MJ = 6.98 kWh

so that the collection time needed under the stated insolation is # = QOreq /Qu = 6.98/1.76 = 4.0
hours of good sunshine, consistent with typical peak-sun-hour availability and confirming that
a 4 m? collector is adequately sized for a 200-litre household tank.
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Auxiliary heating for low-insolation days. On a day providing only 2 hours of effective
sunshine, the collector supplies only 1.76 x 2 = 3.52 kWh, leaving a deficit of 6.98 —3.52 =
3.46 kWh to be supplied by an auxiliary electric heating element; a 2 kW backup element sized
to make up this deficit in roughly 1.75 hours ensures the system meets demand year-round,
illustrating the hybrid renewable—conventional design philosophy revisited in Section 7.9.

Collector orientation and storage losses. The 800 W/m? insolation assumed above is itself
only achieved when the collector is oriented close to perpendicular to the sun's rays; a fixed
flat-plate collector is therefore conventionally tilted from the horizontal at an angle
approximately equal to the local latitude and faced toward the equator, to maximise the annual
average collection implicit in Section 7.6's energy balance. The heated water is rarely drawn
the instant it is collected, so the storage tank itself must be well insulated: for a 200-litre tank
with an overall heat-loss coefficient—area product U4 =~ 2 W/K, an overnight temperature
difference of 30 °C between tank and ambient produces a standby heat loss of UAAT = 60 W,
or only around 0.5 kWh over an 8-hour night, a small fraction of the 6.98 kWh collected and a
useful check that the insulation specification is adequate.

) ) M = wL?¥8, 6 = o =83.3 MPa, 6=19.3 _ .
Footbridge girder SwL4/384E] m FoS =~ 3.0 on yield
B , —
owel-transmission T =(n/16)td? d = 30 mm (design torque) ft = 40 MPa allowable

shaft

H=175m,P~273kW [NPSHa~=6.8m

P i t Phyd = H
umping system yd=pgQ input available

~75% of demand met

Solar water heater  |Qreq = mcAT t =~ 4.0 h collection time
by sun

Table 7.2. Summary of results from the four detailed case studies.

7.7 Computational Engineering

Engineering software and numerical modelling. The four case studies above were
deliberately solved by hand, using the closed-form relationships of Chapters L, III, IV, V and
VI, because hand calculation makes the underlying physics and mathematics visible. In current
practice, however, most of these same problems are solved, refined and rechecked using
dedicated engineering software: computer-aided design (CAD) for geometry, finite-element
analysis (FEA) for stress and deflection in structures and machine components and
computational fluid dynamics (CFD) for flow and heat-transfer problems.

CAD, FEA and CFD. CAD software represents a component's exact three-dimensional
geometry and material distribution, from which FEA subdivides the structure into a mesh of
small elements and solves the governing equilibrium equations of Chapters I1I and IV, in matrix
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form, for the displacement and stress at every node, capturing stress concentrations, complex
geometry and load combinations that hand calculation can only approximate. CFD applies an
analogous discretisation to the governing fluid-flow equations of Chapter VI, predicting
velocity, pressure and temperature fields throughout a domain such as the pump-pipe system of
Section 7.5 or the flow around a structural member exposed to wind.

Simulation and validation. A computational model is only as trustworthy as its validation
against independent evidence, whether an analytical solution for a simplified case, such as the
hand calculations of Sections 7.3 through 7.6, or physical test data. Good computational
practice therefore always begins with a coarse hand estimate, exactly as performed above,
against which a subsequent, more detailed simulation is checked for reasonableness before it is
trusted for final design decisions, closing the analytical-versus-numerical loop first introduced
in Section 1.10.

A worked illustration. Applied to the footbridge of Section 7.3, a full three-dimensional finite-
element model would typically confirm the mid-span bending stress of 83.3 MPa predicted by
simple beam theory to within a few percent, while additionally revealing local stress
concentrations at the girder-to-support connection that the one-dimensional beam model, by its
own simplifying assumptions, cannot capture at all. This is the characteristic division of labour
between analytical and computational methods introduced in Section 1.10: the hand calculation
establishes the correct order of magnitude and the physical trend quickly and transparently,
while the computational model refines the local detail that ultimately governs connection design
and long-term fatigue performance.

7.8 Sensors, Automation and Smart Engineering

Sensors and data acquisition. Modern engineering systems are increasingly instrumented so
that their real behaviour can be measured continuously rather than predicted once at the design
stage. Strain gauges bonded to the girders of the footbridge in Section 7.3 would measure actual
bending strain under live pedestrian traffic; accelerometers mounted on the gearbox housing of
Section 7.4 would detect the onset of gear-mesh or bearing faults through the vibration-
signature methods of Section 1.7; flow and pressure sensors on the pumping system of Section
7.5 and temperature sensors on the solar collector of Section 7.6, would confirm that each
system continues to perform as its governing equations predicted.

IoT, digital twins and predictive maintenance. Connecting such sensors to a data-acquisition
and communication network, the Internet of Things (IoT), allows the measured data to be
compared automatically, in real time, against a digital twin: a live computational model of the
physical system, built using the same mathematical relationships developed in this chapter,
continuously updated with field data. Deviations between the digital twin's prediction and the
sensor readings, tracked using the statistical methods of Section 1.8, provide early warning of
degradation, enabling predictive maintenance, intervening before a bearing seizes or a structural
member develops a fatigue crack, rather than waiting for an in-service failure.
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Automation. Beyond monitoring, automatic control systems can adjust a system's operation
directly, throttling a pump to match a varying demand, tilting a solar collector to track the sun,
or shutting down a machine automatically when a vibration or temperature threshold from
Section 7.10 is exceeded, closing the loop between measurement and action that characterises
a genuinely smart engineering system.

Condition-monitoring thresholds and data security. In practice, predictive-maintenance
decisions rest on published severity thresholds rather than judgement alone: vibration-severity
standards such as ISO 10816, for example, classify the gearbox of Section 7.4 as satisfactory,
alert, or requiring shutdown according to the measured vibration velocity amplitude, converting
the harmonic-analysis output of Section 1.7 directly into a maintenance decision. As sensing
and automation extend deeper into structural and mechanical systems, the data they generate
and the commands they accept must also be protected against corruption or interference, so that
cybersecurity is now treated as an integral part of smart-engineering design rather than an
afterthought.

7.9 Sustainable Engineering Design

Life-cycle thinking. A sustainable design considers a system's full life cycle, raw-material
extraction, manufacture, transport, use, maintenance and eventual decommissioning, rather
than its first cost alone. The bridge girders of Section 7.3, the gearbox of Section 7.4, the pump
of Section 7.5 and the solar collector of Section 7.6 each embody energy and material in their
manufacture that must be weighed against the energy and resources they consume, or save, in
operation.

Energy and material efficiency. Selecting the smallest section, motor, or collector that safely
satisfies the governing equations of Sections 7.3 through 7.6, rather than an oversized one
chosen out of excessive caution, directly reduces embodied material and lifetime energy
consumption; the deliberate two-girder, checked-section approach of Section 7.3 and the
efficiency-matched motor and pump of Sections 7.4 and 7.5 are both examples of this principle
in practice.

Environmental impact, circular economy and renewable integration. Specifying recycled
steel, low-carbon concrete and readily separable bolted connections reduces a structure's
embodied carbon and supports eventual material recovery at end of life, consistent with
circular-economy principles; and the solar-assisted heating system of Section 7.6, which meets
roughly three-quarters of a household's water-heating energy demand from a renewable source,
illustrates directly how renewable integration reduces the operational carbon footprint of an
engineered system without sacrificing reliability, provided an appropriately sized auxiliary
source is retained.

Quantifying environmental benefit. The environmental case for the solar water heater of
Section 7.6 can be made quantitatively rather than qualitatively. Displacing 6.98 kWh of grid
electricity on each of roughly 300 sunny days a year avoids approximately 6.98 x 300 = 2094
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kWh of annual electricity generation; at a representative grid emission factor of 0.82 kg CO2
per kWh, this corresponds to an avoided emission of roughly 2094 x 0.82 = 1720 kg, or about
1.7 tonnes of carbon dioxide per year, a figure that can be compared directly against the
embodied carbon of manufacturing the collector itself to establish the payback period in carbon
terms, exactly as Section 7.11 establishes the corresponding payback period in cost terms.

7.10 Risk, Safety and Reliability

Failure modes and safety factors. Every system analysed in this chapter carries an explicit
factor of safety: the bridge girder of Section 7.3 was shown to operate at roughly one-third of
its yield stress, the shaft and bearing of Section 7.4 were each sized with an allowable stress or
rated life below their ultimate capacity and comparable margins are implicit in the pump and
collector sizing of Sections 7.5 and 7.6. A factor of safety exists precisely because loads,
material properties and operating conditions are never known with certainty and the probability
distributions of Section 1.8 provide the formal language in which that uncertainty and the
resulting probability of failure, can be quantified.

Reliability and risk mitigation. Reliability engineering extends the factor-of-safety concept
to systems of many interacting components, recognising that the overall probability of system
failure depends on how individual component failures combine, in series or in parallel and on
whether redundancy, such as the two-girder bridge configuration of Section 7.3 continuing to
carry load if one girder is locally damaged, is built into the design. Risk mitigation combines a
reduced probability of failure with a reduced consequence of failure, through measures such as
structural health monitoring (Section 7.8), scheduled inspection and redundant load paths.

Failure mode and effects analysis. A structured technique widely used to organise this
reasoning is failure mode and effects analysis (FMEA), in which every plausible way a
component can fail, a bearing seizing in Section 7.4, a pipe joint leaking in Section 7.5, is listed
alongside its likely cause, its effect on the overall system and a risk ranking formed from the
product of the failure's estimated likelihood and the severity of its consequence. Ranking failure
modes in this way directs limited inspection and maintenance resources toward the small
number of failure modes that dominate overall risk, rather than treating every component as
equally critical.

Emergency considerations. Finally, every design must anticipate credible emergency
scenarios, an overload event, a power failure interrupting the pump of Section 7.5, or an extreme
weather event acting on the bridge of Section 7.3 and incorporate the margins, alarms, or fail-
safe behaviours needed to protect life and limit damage when such events occur.

7.11 Engineering Economics

Cost estimation, capital and operating cost. Every engineering decision has an economic
dimension: the capital cost of materials, fabrication and installation, incurred once and the
operating cost of energy, maintenance and eventual replacement, incurred repeatedly over the
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system's service life. The larger ISMB 450 girder selected in Section 7.3, the correctly rated
motor of Section 7.4 and the pump and collector sized in Sections 7.5 and 7.6 each represent a
deliberate balance between initial capital outlay and long-term operating economy.

Life-cycle cost and cost—benefit analysis. Life-cycle costing sums capital and operating costs,
appropriately discounted over time, to compare design alternatives on a common economic
basis and a simple payback-period calculation illustrates the method directly using the solar
water heater of Section 7.6. If the solar system costs approximately 340,000 more than an
equivalent electric-only heater and displaces roughly 6.98 kWh of electricity on each of about
300 sunny days a year at a tariff of T8 per kWh, the annual saving is

Annual saving = 6.98 kWh/day % 300 days/yr x I8/kWh = 316,750/yr

giving a simple payback period of 340,000/216,750 per year = 2.4 years, well within the
collector's expected service life of fifteen to twenty years and demonstrating quantitatively why
the renewable-assisted design of Section 7.9 is also the economically favourable one.

Estimate classes and the time value of money. Cost estimates themselves carry varying levels
of confidence and engineering practice distinguishes an early, order-of-magnitude estimate,
typically accurate only to within perhaps +30 to +50 percent and based on similar past projects,
from a later, detailed estimate, accurate to within a few percent and based on itemised material
and labour quantities of the kind implicit in the fully sized girder, shaft, pump and collector of
Sections 7.3 through 7.6. Where costs and savings are spread over many years, as in the fifteen-
to twenty-year service life of the solar water heater, a rigorous comparison should also discount
future cash flows to their present value, using the net-present-value method, rather than relying
on the simple payback period alone, which ignores both the time value of money and any cash
flows occurring after the payback point.

Optimisation. More generally, engineering economics treats cost itself as one more function
to be optimised by the calculus of Section 1.3, subject to the same performance, safety and
sustainability constraints applied throughout this chapter, so that the final design represents not
merely a system that works, but one that works at the lowest justifiable life-cycle cost.

7.12 Multidisciplinary Case Studies

The following three systems are outlined briefly, rather than developed in full numerical detail
as in Sections 7.3 through 7.6, to illustrate the breadth of multidisciplinary integration across
the mathematics, physics and applied-engineering chapters of this book.

Electric vehicle powertrain. An electric vehicle integrates the rotational dynamics and
gearing of Chapter V, the electrical and electromagnetic principles of Chapter II, the vehicle-
load mechanics (rolling resistance, acrodynamic drag and gradient force) of Chapter III and the
thermal management of the battery and motor from Chapter VI, all coordinated by an embedded
control system of the kind introduced in Section 7.8, with battery sizing and range prediction

118




Engineering Nexus

resting directly on the energy and efficiency relationships used throughout Sections 7.4 through
7.6.

Earthquake-resistant building. An earthquake-resistant structure applies the vibration theory
of Chapters II and III, treating the building as a multi-degree-of-freedom spring—mass system
whose natural frequencies and mode shapes are found from the eigenvalue problem of Section
1.6, to ensure that the structure's dynamic response to ground motion, analysed using the
structural and material principles of Chapter IV, remains within a safe deformation limit, with
the reliability and risk framework of Section 7.10 governing the target probability of exceeding
that limit over the building's design life.

Wind turbine. A wind turbine combines the fluid-dynamic principles of Chapter VI, governing
the aerodynamic force extracted from the moving air stream, with the structural mechanics of
Chapter IV, governing the blade and tower loading, the gearing and shaft design of Chapter V,
transmitting rotor torque to the generator and the vibration and dynamic-loading analysis of
Chapter I1I, all integrated within the sensing and control architecture of Section 7.8 to maximise
energy capture while remaining within the safety margins of Section 7.10 across its full range
of wind conditions.

Electric vehicle powertrain I, 111, V, VI Control systems (Section 7.8)

Reliability and risk (Section

Earthquake-resistant building | (§1.6), 111, IV 7.10)

Sensing and control (Section

Wind turbine M1, TV, V, VI 18)

Table 7.3. Contributing chapters for the multidisciplinary case studies.

7.13 Future of Integrated Engineering

Artificial intelligence and data-driven engineering. The statistical foundations of Section
1.8 and the sensor and digital-twin concepts of Section 7.8 are converging with artificial
intelligence and machine learning, which extract patterns from the very large data sets now
generated by instrumented structures and machines, increasingly supplementing, though not
replacing, the physics-based models developed throughout this book.

Digital twins and Industry 4.0. The digital twin introduced in Section 7.8 is expected to
become the standard interface between a physical engineering asset and its entire computational
history, from initial design calculation through commissioning to end-of-life decommissioning,
a central feature of the broader shift toward highly automated, data-integrated manufacturing
and infrastructure known as Industry 4.0.

Smart infrastructure, autonomous systems and advanced materials. Bridges, pumping
networks and power-transmission systems of the kind analysed in this chapter are increasingly
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designed as smart infrastructure, instrumented and self-monitoring from the outset, while
autonomous systems, self-driving vehicles, autonomous inspection drones and robotic
construction equipment, extend the automation concepts of Section 7.8 to entire operational
tasks. Meanwhile, advanced materials, high-strength composites, engineered concretes and
functionally graded alloys, continue to shift the safe operating limits that underlie every stress
and deflection calculation performed in this chapter.

Sustainable engineering. Across all of these developments, the sustainability principles of
Section 7.9, life-cycle thinking, material efficiency and renewable integration, are expected to
shift from a design option to a baseline design requirement, reshaping the assumptions on which
the mathematical models of Chapter I are built.

7.14 Concluding Perspective

This book opened with the claim that mathematics is the language of engineering and the case
studies of this chapter have shown that claim in concrete terms: derivatives and integrals sizing
a beam and a shaft, differential equations and eigenvalue problems governing vibration and
dynamic response, linear algebra assembling the equilibrium of a structure and statistics
quantifying the uncertainty that a safety factor is chosen to absorb.

Physics supplied the foundation on which that language operates, Newton's laws,
thermodynamics and fluid mechanics, translated into the specific governing equations of
Chapter II and engineering mechanics, developed in Chapter III, served as the bridge
connecting these abstract physical laws to the concrete structural and machine elements of
Chapters IV and V and the fluid and thermal systems of Chapter V1.

Civil and mechanical engineering, in turn, are simply the applications of this shared
mathematical and physical foundation to two broad and enduring human needs, the built
environment and the machine and the four detailed case studies of this chapter, a bridge, a
gearbox, a pump and a solar collector, are evidence that a single, coherent body of mathematics
and physics is genuinely sufficient to design, analyse and optimise them all. Integration, in this
final sense, is not an additional topic appended to engineering education; it is the recognition
that mathematics, physics, mechanics and application were never separate subjects to begin
with and modern engineering design is precisely the disciplined practice of treating them as
one.

Summary

This capstone chapter applied the mathematical foundations of Chapter I, the physical
principles of Chapter II, the mechanics of Chapter III and the civil, mechanical and thermal-
fluid applications of Chapters IV through VI to four complete, numerically worked engineering
systems: a pedestrian bridge girder, a geared power-transmission system, a water-pumping
system and a solar-assisted water heater. It then placed these worked examples within the
broader practice of modern engineering: computational analysis and simulation, sensing and
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automation, sustainable and economic design, risk and reliability and three further
multidisciplinary systems, before closing with a synthesis of the book's central argument, that
mathematics, physics, mechanics and application form one continuous discipline rather than
four separate ones.
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